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INTRODUCTION 


Terrestrial  refraction  has  usually  been  dealt  with  in  survey  operations  by  making  use  of  a 
"coefficient  of  refraction"  which  involves  the  tacit  assumption  that  a  ray  of  light  always  is  of 
circular  form  and  that  the  curvature  is  the  same  for  ascending,  descending  or  horizontal  rays. 
This  assumption  is  in  someways  contradictory  J  for  we  know  that  tlie  curvature  of  a  ray  is  less 
at  great  heights  than  it  is  at  sea-level,  yet  if  a  ray  maintains  the  same  curvature  when  ascending 
the  assumption  would  give  the  same  curvature  at  all  lieights.  The  object  of  the  present  investi- 
gation is  to  develop  formulae  for  refraction  which  will  indicate  precisely  on  what  the  refraction 
depends,  and  to  find  a  means  of  determining  such  quantities,  so  that  the  refraction  in  any  case 
may  be  computed.  The  formulaj  are  developed  in  Chapter  I,  and  in  Chapters  II  and  III  they 
are  applied  to  some  actual  observations  made  in  India  by  Mr.  H.  G.  Shaw.  Chapter  IV  shows 
the  relation  between  refraction  and  barometric  and  thermometric  readings  at  two  heights: 
while  in  Chapter  V  the  relation  of  celestial  refraction  to  terrestrial  refraction  is  developed,  with 
a  view  to  the  determination  of  the  latter  from  knowledge  of  the  former.  In  Chapter  VI  the 
dip  of  the  horizon  is  investigated  and  the  results  of  previous  chapters  are  briefly  summarised  :  and 
suggestions  are  made  for  future  investigations.  For  easy  reference  lists  of  the  notations  employed 
precede  Chapters  I  and  II. 

Much  remains  to  be  done,  but  it  is  hoped  that  further  enquiries  may  be  usefully  directed 
by  the  results  herein  obtained. 

Babu  Mukundananda  Acharya  of  the  Computing  Office  has  checked  the  equations  of 
Chapter  I  and  has  done  many  of  the  subsequent  computations.  He  has  also  read  nearly  all  the 
proofs,  and  I  gladly  take  this  opportunity   to  acknowledge  the  assistance    he  has   rendered  me. 

The  difficulty  of  setting  up  mathematical  formulae  in  type  is  well-known.  I  am  indebted 
to  Mr.  Sarat  Kumar  Mukerji  for  always  having  this  work  done  with  correctness  and  despatch. 

The  two  panoramic  views  of  the  snowy  range  as  seen  from  Mussooree  have  been  produced 
from  photographs  by  Mr.  Julian  Rust  of  Mussooree. 


} 


Dehra  Dun, 

J.  DE  Graaff  Hunter. 
28th  August  1913. 


NOTATION  IN  CHAPTER    I. 


M 

refractive  index  of  air. 

I> 

atmospheric  pressure. 

t' 

absolute  temperature  of  air. 

T 

virtual  temperature     „ 

P 

density  of  air. 

^ 

see  equation  (8). 

A,, 

A^,A^     setf  equation  (10). 

9 

value  of  gravity. 

H 

barometer  reading. 

Ho 

„            „        corrected,  see  §  14, 

C 

see  equation  (5). 

C 

see  §  20. 

B 

see  equation  (22). 

K 

»         (21). 

P, 

Q            „        (19). 

Suffix   0  denotes  value  at  base  station. 

Sul 

[fix  s   denotes  the  standard  value. 

*^. 

y,  s,  a,  -f,  ^,  X        see  §  8. 

A 

height  above  base  station. 

r        radius    of  curvature  of  spheroidal  surface  through    base   station  in  azimuth  of  ray 
under  consideration. 

R  radius  of  curvature  of  sea-level  surface. 

X  see  equation  (32). 
Y  „         (33). 

«  „         (37). 

/         distance  at  sea-level  between  normals  through  the  terminal  points  of  the  ray,  expressed 
in  miles. 

c        distance  at  sea-level  between  normals  through  the  terminal  points  of  the  ray,  expressed 
in  feet. 

CD  =  o),  +  6)3  -}-     .     .     =  angle  of  refraction  for  adiabatic  gradient, 

fl  =  ^j  (Bi  +  /a  cB.j  +    .     .     =  angle  of  refraction  for  any  gradient,  see  §  20. 

7         ratio  of  specific  heats  of  a  gas,  see  equation  (58) . 

10*.T  (^V 

0  = 


lU4a      dK^' 
The  symbol  =  indicates  approximate  equality. 


CHAPTER    L 


The  formulae  for  Barometric  Heights  and  for  Terrestrial  Refraction. 


1.  Let  j>,t',p  be  pressure,  absolute  temperature  and  density  of  the  atmosphere  at  any 
point. 

Then  if  the  air  is  dry  we  have 

p=  Ct'p (1) 

When  water  vapour  is  mixed  with  the  air  in  the  proportion  of  m  parts  of  vapour  to  1 — m 
parts  of  air,  we  must  replace  C  by 

Cj  =  (1  -  «j)  C  +  OT  Cj (2) 

where  C^  is  the  constant  for  water  vapour. 

Now  from  observation  we  know  that 

Pj  =  I  C (3) 

so  that  (2)  may  be  written 

Ci  =   (1  +0-6ot)   C 
If  we  put 

T  =    (1  +  0-6ot)  t' (4) 

then    T    is  what  is  usually  called  the  virtual  temperature,  and  equation  (1)  may  be  written  for 

moid  air 

P-Ctp (5) 

Tables  for  t  in  terms  of  temperature  and  percentiige  humidity  have  been  given  in  "  Dyna- 
mic Meteorology  and  Hydrogiapliy"  by  V.  Bjerknes,  jiublislied  by  the  Carnegie  Institute  of 
Washington,  and  tables  1  and  II  at  the  end  of  this  chapter  are  ba.^ed  on  them. 

Accordingly  we  shall  always  consider  virtual  tempeiatures  and  so  take  the  humidity  of 
the  atmosphere  into  account  without  any  additional  labour  or  complexity  of  formulae. 

2.  As  regards  barometric  heights  in  what  follows  we  shall  be  concerned  only  with 
differences  of  height  of  two  stations  at  distances  which  do  not  exceed  the  greatest  visible  terrestrial 
distance.  For  such  distances  it  will  not  be  necessary  to  consider  the  variation  of  orthometric 
height  between  two  level  surfaces.  In  other  words  we  shall,  unless  otherwise  stated,  consider 
the  section  by  a  vertical  plane  of  the  level  surfaces  to  be  concentric  circles. 


In  the  case  of  refraction  it  is  also  necessary  to  assume  that  the  density  of  the  air  is 
constant  over  a  level  surface.  The  pressure  of  air  at  rest  is  of  course  constant  over  a  level  surface  ._ 
so  that  it  follows  from  (5)  that  the  virtual  temperature  must  also  be  constant  over  a  level 
surface.  This  assumption  of  constancy  of  density  is  merely  a  statement  that  there  is  thermal 
equilibrium  in  a  horizontal  direction,  which  must  be  correct  when  there  is  no  horizontal  air- 
movement,  except  for  air  in  separate  valleys.  In  the  case  of  refraction  we  have  to 
deal  with  a  column  of  air  in  which  there  are  no  land  obstructions,  so  that  the  assumption  here 
practically  reduces  to  assuming  that  the  air  is  at  rest.  Local  winds  and  eddies,  then,  make  the 
most  unfavourable  condition  for  the  assumption :  a  steady  wind  over  the  whole  space  considered 
would  probably  vitiate  the  assumption  to  a  slighter  extent. 

3.  The  condition  for  vertical  equilibrium  of  tlie  atmosphere  at  any  point  gives 

dp   =    —   pg  dh (6) 

g     being  the  value  of  gravity   at  the  point  and   dh    an  element  of  height.     Substituting  for  p 
its  value  from  (5)  we  have 

P  "^    Ct  C  g^     t  ^  ' 

where    go     is  gravity  at  surface  characterised  by  suffix  zero. 

We  shall  put  ^.  —    =     6        (8) 

and  so  get 

d  log  V  =    -    %.e.  dh       (9) 

4.  As  explained  in  §2  we  shall  consider  t  and  g  as  functions  of  the  height  only :  then 
Q  is  also  a  function  of  the  heights  and  we  shall  accordingly  put 

e  =  e^(\  ^  A^h  ^- A^B )      (lO) 

where  A-^  and  A^  are  constants  at  any  particular  time,  which  are  to  be  found  by  means 
indicated  later  on  (  sc  §  11). 

It  is  now  possible  to  integrate  (9)  and  get 

Constant-logi)=    -   -g.V/,(^l  +^'    +    ^  )  ........     (11) 

Taking  this   between    limits   and  measuring   height  from  surface  designated   by  suffix  zero  we 
get 

log^-a    =    .?f^o.    ;,   (i^^^i+^+    ) (12) 

Now  from  (10)  we  get 

e  +  e,,  ^    /,        A,h    .    Aji^' 


"0 


2 
and  so  we  can  write  (12) 


^«(l  +  f  +  ^#+ )        (13) 


This  gives 

/_£.    2      (l+^,^|^+^^|^^-...)   log/-^' (15) 


4> 

It  will  be  shown  later  that  the  quantities  A^,  A^,  A^  may  be  obtained  if  we  know  the 
refraction  :  but  in  the  first  instance  it  is  proposed  to  neglect  the  A^  term  and  use  equation  (15) 
for  the  determination  of  Aj  in  order  to  calculate  the  refraction. 

5.     The  approximate  equation 

is  practically  the  same  as  the  ordinary  Laplace's  form  of  equation  for  barometric  heights. 

The  change  of  gravity  and  of  humidity  is  all  included  in  the  6  term.  The  difference 
from  the  ordinary  formula  is  simply  that  a  harmonic  mean  tennperature  is  used  in  place  of  an 
arithmetic  mean.  It  may  be  mentioned  in  passing  that  Laplace  {see  Mecanique  Celeste,  Livre  X, 
Chap.  IV)  took  the  arithmetic  mean  in  his  formula  as  being  the  simplest  mean,  and  from  this 
assumption  he  arrived  at  a  law  for  the  diminution  of  temperature  with  height.  In  the  present  case 
it  is  proposed  to  make  use  of  actual  measurements  of  temperature  and  pressure. 

6.     Differentiating  equations  (5)  and  (8)  logarithmically  and  using  (7)  we  get 


1 
p 

dp             ^9        \  dr 
dh  ~        T     C       T  dh 

1 
d 

^dd  _     \     dg         \     dT 

dh  ~    g     dh         t    dh 

and 

whence      1.^-     _M_1.^+1.'^  (^^^ 

^^^''''^      p     dh-  C         g    dh^    Q    dh ('^^ 

d^q 
Now  values  of  -~^  are  not  available  :  and  in  any  case  they  must  be  very  small,  so  that  we 

shall  treat  -^^  as  constant  and  write  (17) 


7'^  =  -^^  ^^  ^-e'Th 

where  p=_J_.^  q=_A 

g       dh  C 


dP^ 

dh 


(18) 


(19) 


/    \dh)  ^ 

Differentiating  (18)  we  have 

p^    \dh)  '^  p    dh^~  '^  ^  dh       ^    \dh)  '^   6      d¥ 


P 
Equations  (18)  ...  (20)  will  be  required  later  on. 


7.  The  relation  between  the  refraction  of  a  gas  and  its  density  is  expressed  by  Gladstone 

and  Dale's  law 

^L-l  =  Kp (21) 

■where  //,  is  the  refractive  index  and  i^  is  a  constant  for  light  of  one  colour. 

The  assumption  of  §  2  that  surfaces  of  equal  density  have  circular  sections   gives  us  the 
usual  formula 

/J,  {r  +  h)  sin  (}>  =  B (22) 

in  which  r  +  /i  is  the   distance    from  the   centre   of  curvature  of   the  section,  <^  is    the  direction 
nfieasured  from  the  vertical,  and  B  is  a,  constant. 

8.  In  the  figure  let  APB  be  the  path  of  the 
ray  of  light  from  A  to  B.     Draw  the  tangents 

ATx,  PT  &t  A  &ni  P. 

Let  AO,  BO  be  verticals 

A 
and  let  Plx  =  i/r  OA  =  r 

A 
TPO=  <p  OB  =  r  +  h 

A  _ 

AOP=x 

Draw  Ay  perpendicular  to  Ax. 

Then  if  x  and  >/  are  the  coordinates  of  P 
and  the  curved  distance  AP  is  s ,  and  if  the  radius  of  curvature 
at  any  point  is  a,  we  have  the  well  known  formulae 
_  s^        s*     da 

""  -    '  ~  ^^^%^'dH    + 


•^  ~    2<7       6o-^"  ds 


(23) 


in  which  we  have  to  give  to  o-^  -^^  jx  etc.  the  values  they  have  at  A, 

its      CIS" 

A  y 

The  angle  of  refraction  =  PAx  =  tan     ~ 

=1  -  Ki)'  +  Off- 

By  (23)  we  have 

•J'   _     *    fi  *        '^''^  *^     f  9  I '^'^\'  d^a-y  -|    r  s^ 

7-2^L3^*7fe+T273|^  W  ~  ^  ~  '^  W  y  +  -J    L         6^  ■*" 

_J^r, «_      da         s^      c      (da\^  ^")    .    _^      ^  a.       "I 

~  2o-L         3(7       ds  "^  12o-H     W/  "^  ds^'S       72a^  '  ds    '  •"  J 


(24) 


+  • 


■■]■ 


Refraction  angle 


A      s  r. 


So-      <^« 


+ 


12c 


-'{^m-''^} 


+ 


J_  .  ^.  da- 
rn   '  a^'  di 


+ 


...] 


(25) 


6 

(Id)  ,        sin  <f) 

=    ,f  cos  0  +    -  ,-, 

(Ik  r  +  //. 

since  -^  =  cos  ^    and    (r  +  h)     j^-  =  sin  ^ 


^  ^  7J^('-  +  /'I   si"<^) (26) 


a         r  4- 


using  equation  (22) 

From  (21)  we  have  dfi  =  K.  dp 

.:      i  =  -  ;^-~  A-.^;^  =  -  A'sin  ./,.  1  •  ^      .....       (28) 

Taking  logarithms  and  differentiating  and  using  relations  (J/jl  =  Kdp  and  -^  =  cos  <^  -^ 
we  get 

Differentiating  (29)  we  get 

-^■(^)'-i-S-{-F^-f  ■(S)^f-S-;SO»^S)}-^=* 

+  {,^-frJ-i('°4J)}(vl  +  ,-^)-=*   •  <») 
™'°s   -i«S+r+T  +  »«*l*=  » (31) 

which  follows  at  once  from  the  differentiation  of  (22) . 

Otherwise  we  may  put 

2K      dp         d   I,      dp\ 


1         ,    2A'  .    dp 

r  +  h 


I  1       ''"■  v  ± 

wliere     — • -,—  =  A  cos  0 

a     dn  ^ 


and  by  differentiating  logarithmically  we  get 

=  cos-^^^-^-tan^^-^l 


cr    </*         da 


d. 


H 


ad^a 
,.       ~d?'         ,  1      ^/Y       ,       J      1      f/d) 


Vfo/ 

A-cos^^-f4fcos=<^+Asin=0(f.^+,-^)      .     .     (34) 


1    d^a        „„         „ .     .     dX 


10.  By  means  of  equations  (18)... (20)  and  (28)... (30)  or  (34)  we  can  substitute  in  equa- 
tion (25)  and  obtain  the  refraction  in  terms  of  cei'tain  known  constants  and  -rr,  tto  etc.  In 
ordinary  cases  doubtless  it  will  be  sufficient  to  consider  only  the  first  two  terms  of  (25).  In  any 
case  a  knowledge  of  the  quantities  -jy,  j-^  is  required,  and  with  this  it  is  possible  to  calculate 
X  and    1'  using  equations  (32)  and  (33). 

The  equation    (25)    can  then  be  written 

PAx  =   ~{^\  -  ~.Xco%<\>  ■{■  ~.  X''  cos=^  (2  -  Y)  +  '^.X^  cos80...|    .  .   (35) 
This  may  be  written  in  the  simplified  form 

^'^-  =  2^{^-3-^4(~-^')+    S+    •••}••••     (36) 
where  u  =  .s  cos  ^.  A' (37) 

Now    g  (2  -   D  =  £1  {X^-  cos^<^  -  f .  cos^,/.    -   X  sin^<^  (f -^  +  ^)] 

We  will  consider  the  several  terms  separately. 

.„.                       isXcosd))'         v"- 
First  term  =   To^       ~  T7 


The  other  terms  are 


•vScos-^  dX        ,  .<X.^.sin-0    (K  dp  1     \ 

^TT  "T/X    ''"'^  12  'K^'dh        TTTJ 


Using  C.G.S.   units  we    see  that  .v  cos  <^  will  not   exceed   10"   and  .s- sin  ^    will   not   exceed 
2.10",  since  we  have  not  to  deal  with  heights  greater  than  10"  cm.  and  rays  longer  than  2. 10'  cm. 

Also  from  (28)  —  -jy  =   —       cosec  A 
^     '   fjidli  or 

Then  when  </>  is  not  very  different  from  90°,  as  is  always  the  case  in  survey  operations 

— ~"  mav  be  taken  nearly  the  same  as  — ■. 

jM    d/i,        '  a 

But  it  is  a  fact  of  all  obsecvations  that  the  radius  of  curvature  of  the  ray  is  only  in  exceptional 
cases  as  small  as  the  radius  of  the  earth ;  for  the  quantity —  is  what  is  usually  called  the  coefficient 

of  refraction.    We  may  accordingly  take  the  value  -  -  =  1"57  x  lO"**  C.G.S.  as  the  upper  limit  of 

the   value  of  — .       In    cases  where  the  rav  is  very  close  to  heated  ground,    this  value  of  — 

may  be  exceeded :  but  in  this  case  the  value  of  s  will  be  much  smaller  than  what  we  have  taken. 

We  accordingly  see  that  tiiat  the  third  term 

X      ,  .    ,  /sin<^         1  \ 
■—  tt:  ■  <'sin0  I y I 

<  — —  ■    1  •  07  X  1  O-M  -y cosec  4> rr-log  --^-  I 

12  \ /•  +  //  a-  ^        dli     °    dli  J 


8 

The  only  part  of  this  which  need  be  kept  accordingly  is 

when  —flog  ^^  is  large  enough  to  make  this  necessary;   for  we  can  see  that  the  remainder 
d/i\        ah  J 

is  <  S-10^*  (1-57)2.  10-18  =  1-8.10-*,  and  on  comparing  this  with  the  first  term  within  the 
brackets  in  (36)  it  is  seen  to  be  negligible  seeing  that  we  do  not  have  to  compute  to  nearer 
than  1  part  in  1000. 

The  remaining  term  is 

—  cos^  ^   — ,  and  taking  s  cos  ^  as  less  than  10«  we  see  that  this  term  is  less  than 

1  At  till 

VI-  ^°   \~7^^  ^  ii?--dh   ^  ^  -dh'     d/A'°^  dh)] 

in  which  the  first  two  terms  may  be  neglected.     Writing  ;ii=  1  in  the  third  term  we  have  as 
value  of  the  term 

12    Y'^dh^     dP\  "d/Jy 

We  may  accordingly  put 

^( 
12^ 


IV "  V  ~   12 12~  •  I  ^^  rfF        dk^  V°^  M)^     ^      12    \r  +  A         a  ) dh  '°^  dh' 

It  is  also  clear  that  we  may  use  approximate  values 

,     dX        „„  d^p        d?  /,       dp\ 

and    ~-r,-  =   2K -~ 779  ( log -tt- ) 

dh  dh-       dh^  \    °  dh  J 


Hence  refraction  angle  is  PAx 

„.      «  V  ,  u  1^         IV"  1     '  n-    dX      .s-sind) /sind)        1\   d  /.        dp\)  ,„„ .  > 

=  "-2^p-^    ■'12  +  36-  -12-  X^--dh+^{l^h--^)Mr^J)\    ■•(^^^) 
X  being  given  as  above  in  (32 A). 

11.     To  find  —jr  involves  the  previous  finding  of  -^  (log  ^y V       This  quantity  in   turn 
depends  partly  on  the  value  of  (-=3)    .     Apart    from  this   we  can   proceed  to  the  fourth  term 

of  the  series  (25)    and  (36)  with  knowledge  of  the  values  of  -^  ,      .„  and  of  no  higher  differential 

coefficients.     In  the  case  of  rays  going  to  a  great  height,  we  shall  probably  have  no  means  of 

(d^6\ 
jj^j   for  each   special   case.     In  this   case  it  may  possibly  be  useful 

to    estimate    ( -773)    from  the  property  of  the  existence  of  the  isothermic  layer,  which  has    been 

observed  to  occur  at  a  height  of  some  15  kilometres.     This  condition  furnishes  the  relation 

dff 

-rr  =  0         for  a  certain  value  of  h. 

dh 
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Different^ahng      ^  =  ^„  + /..  (_|  ^  _.(-j^  +  _.(_)^  +     .     . 
and  neglecting  the  higher  terms,  we  get  the  approximate  equation 

where  ^j  is  the  height  of  the  isothermic  layer  above  the  starting  point  of  the  ray. 

This  equation  together  with  equation  (15)  and  the  readings  of  temperature  and  pressure  at 
two  known  levels  give  us  the  means  of  determining  the  three  quantities 

(de\  f(f-e\       (d^e\ 

12.  It  is  to  be  remembered  that  although  strictly  speaking  the  values  of  (-yj  )  etc.  im- 
ply the  true  values  at  the  starting  point,  yet  to  meet  the  practical  case  we  can  do    no   better  than 

find  an  expression  for  6  in  the  form  given  in  (10),  taking  only   a    finite  number  of  terms as 

many  as  we  have  the  means  of  determining.  The  law  we  deduce  will  not  be  expected  to  truly 
represent  the  temperature  changes  with  height,  but  will  be  the  nearest  we  have  means  of  ascer- 
taining without  actual  simultaneous  temperature  readings  at  numerous  heights.  Actual  measure- 
ment may  be  feasible  and  useful  for  rays  proceeding  close  to  the  ground  when  perhaps 
temperatures  at  intervals  of  10  feet  might  be  measured  up  to  a  height  of  100  feet;  but,  for  the 
case  of  rays  to  snow  peaks  or  high  mouutains,  probably  the  best  course  will  be  to  set  up 
barometers  at  the  observation  station  and  at  some  other  point  a  few  thousand  feet  (or  less)  higher, 

and  determine  the  quantities  ^,,  ^j,  ^3  considering  them  as  exacily  equal  to  \  a-jj)  >  (  T'r^vT's)  ' 

( -TT^.  W-)    respectively,  these  quantities  being  evaluated    as  explained  in  §  11.     It  is  anticipated 

that  the  value  of  A.^  so  determined  will  only  have  an  extremely  small  effect  on  the  calculated 
refraction  angle. 

13.  Even  in  cases  of  rays  close  to  the  ground,  when  the  values  of  A~  are  likely  to  be 
larger,  the  formula  (36)  may  be  expected  to  represent  the  refraction  by  its  first  two  terms,  the 
higher  terms  being  of  small  account  by  reason  of  the  rays  being  short.  For  this  case  it 
appears  that  several  readings  of  temperature  at  various  (low)  altitudes,  should  be  sufficient. 

14.  To  begin  with  we  shall  only  consider  the  first  two  terms  of  (36)  and  see  to  what 
extent  these  will  account  for  certain  observed  refractions. 

It  is  first  necessary  to  put  in  the  values  of  the  constants  K,  p^,  rj^,  C,  and  express  the  equation 
in  terms  of  the  units  in  which  we  intend  to  work. 

We  first  have  to  consider  ^,  and  we  shall  begin  with  the  C.G.S.  system   and  temperatures 

on  the  centigrade  scale. 


We  have 


-   =  -isTsin.^-.^ mbis. 

cr  (I    all 

—    ^=-— .  ^-i^.   ^  +  — .  —        .      ,      .      .      (17)  hh. 
p'  dh  g'  dli        C'  6'  dh 

e  =  Soil  +  A^h-^  A^h\..)      .......     (I0)ik. 

e  =  -iL_L ( 8 )  /.«. 

^0       'T 
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In  Chwolsoa's  Traite  de  Physique,  Vol.  I,  pp.  414,  444  we  find 

Weightof  Ic.c.  ofairatstandardl^      ^^^-^Q-6^  j.gjg^^     ^^^^^^^^3      ....      (39) 

pressure  and  temperature             J 
Standard  pressure  of  1  atmosphere  ■)  ^         333  ,      , ^^. 

at  0°C.  and  latitude  45",  sea-level  J  "^    ' 

The  suffix  s  will  be  used  to  indicate   standard  pressure,  temperature,  density  etc.,  suffix  0 
being  retained  to  indicate  tlie  values  at  the  beginning  of  the  ray. 

The  value  of  fi  is  variously  ^iven.    The  value  adopted  for  yellow  light  (D  line)  is  1-0002929 
for  dry  air.     For  moist  air  we  can  afterwards  apply  a  correcting  factor  if  this  appears  desirable. 
Taking  this  value  and  making  use  of  (39)  we  have 

\    p     /,        10-^x1-3184 

Then  C=^^  =  o-^  ^'Tf^Jl  ^^\n-e  =  2-8709  x  10"       ....     (42) 
T,/3,         273  X  1-3184  X  10    " 

Using  Helmert's  1884  formula  for  p  we  have 


ff   _ 


978 


,  (1  +  0-00531  sin^X)  (l  -  j^^) 


C        2-8709  X  10« 

=  3-4066  X  10"*  (1  +0  00531  sin- A.)  (^1  -  s^rj') (*3) 

where  /*'  is  the  height  above  i.ea-level  and  R  is  the  radius  of  curvature  of  sea-level  surface,  so  that 

R  +  /t'  =  r. 

We  also  have  r?    =    —  t, — rr    =    —    — ■ 

ff   a  A  R-^/i  r 

We  may  treat    fj.    as  always  having  the  value  unity  except  when  we  are  concerned  with     fi—1. 
Then  —   =   2-2216  x  (1  -0000293)   x    10== 


Then    -—=  ^.  2-221  x  10^  sin  (f>  x  1 -3184  x  10    ^(—-3-4066x10    ^x-^+4--    ,zl 
<T       ps  L  r  g,       o     an,) 

,.  p  P    273 

!Now  ,  -^  =  -— .  — 


(I-  S)„  =  ^1  ^"'^  ^"  ^  ^ 


Let     He     be  the  corrected  *  barometric  reading  at   the  station  expressed  in  millimetres 
of  mercury. 

Then  —   =    —^    \    also     //,   =     — —     where  H  is  the  reading  corrected  for 

Ih         760  9s  ^ 

temperature  only . 

1  273    He         .,   „.,,         ,    „,„,         ,.-4    .     ,  r2       3-4066     .-*    g^         ^\ 

.-.     —   =    —    — .  .^ttt;  X   2-221   X    1-3184  x   10      .  sin  A  ^ x  10      .  -^  +  ^,  5- 

a  T     /60  ^  L  ;•  T  ffs  J 

=    1-0518^'  X  10"  *sin^{  3-4066  x   lO"  *  •^''  -  {a^  +  7)  '^  } 
*  For  temperature  of  mercury,  latitude  and  altitude  (as  regards  gravity). 
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s 
We  thus  have  jr-  ;  which  is  an  angle  expressed  in  radians.     To  turn  this  into  seconds  we 

,,.  ,     ,      180  X  3600         ,      , 
multiply  by  and  get 

TT 

^  =  1-0848  X  10  X   ^"  s.  sin  <^  I  3-4066  x  10~  *  ^  -  (a^  +  ^^  r  \     .     .    (44) 
15.     From  the  figure  of  §8  we  see  that 

Also   from   AAOP,   since  OAF  is  equal  to  ^  +  il,   D,  being  the  refraction  angle  and  <^ 
having  its  value  at  A 

AP-   ^  OP 

sin  X  sin  (<f>-t  H) 

.-.  AP  sin  {(f>  +  D.)  =  {r  +  h)  sin  X. 

.-.    s(\  -  -^)   (sin  .^  +  n  cos  </.)   =   (f  +  //)  sin  X  =  (l    +  A).  rX.  (l  -  -^  ...)  ...     (46) 

since  fl  is  small.      A  very  large  value  for  XI  is  500"  or  about  j—  of  a  radian.     For   such 

cases  (^  is  nearly  90°,  say  88°,  so  that  fl cos  (^  will  not  be  greater  than  —  x  — rrr  or  :^,        . 
We  neglect  this  in  comparison  with  sin  0. 
Also  only  in  very  extreme  cases  a  is  as  small  as  the  radius  of  the  earth   :   so  that 

2  o3  1  1 

X  for  a  ray  of  100  miles,  and  we   can  neglect  this   also. 


24ct^  24r2       •     24         1600 

sa 
mate  form 


■y 
For  the  same  reason  -*—  may  be  neglected,  and  equation   (4G)    may    be    written  in  the  approxi- 


«  sin  .^  %   (/  +  h).  X   =    (l    +  ^).  c        .......      (47) 

where  c    is   the    distance,  measured   at  the  sea-level  surface,   between   verticals  through 
A  and  P    \    and  Iij,  is  the  height  of  P  above  the  sea-level  surface. 

16.     It  will  be  convenient  for  our  purpose  to  express  (44)  in  the  British   system  of  units. 
Also  c  is  conveniently  given  in   miles   while  H  is  measured   in    inches    and  t  on   the  absolute 

Fahrenheit  scale.     The  portion  in  the  brackets  is  clearly  of  dimension  -^   so  that   we  can  easily 

see  that  the  equation  now  becomes 


s 
"2^ 


s 


f,„  1  13x5280/,       Ih\  /  9X3/5         0-3937-) 

=   1-0848  X    10  X  I  X  ^-,^^3^  X  ~^r^^{l  +  J-   o  x  (^)    |^   x  -^^  j 

'<^x[|xai37X^-^^-«-t-(^^-^T)^] 
2-6187  X  1 08  (l   +  ^).^.^  [l -8690. 10-' |-  -  (ji  +|-)t]    .    .     .     (48) 
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It  is  to  be  noted  that  the  value  of  Ay  is  now  to  be  found  in  British  units :  and  I  is  the  sea- 
level  distance  between  A  and  B  measured  in  miles.  The  expression  contains  only  the  ratio  of 
gravity  at  observation  station  to  normal  gravity,  and  consequently  we  may  express  (/  in  any 
unit  which  is  most  convenient. 

17.  When  we  come  to  deal  with  the  actual  value  of  A^  it  will  be  found  that  in  equation 
(48)  the  term  iu  A^  is  seldom  more  than  one-third  of  the  other  term.  To  get  an  idea  then  of 
the  magnitude  of  the  refraction  we  take  the  expression 

2-62  X  10"  X  ^^  X  1-87  X  lO"  ^ 

T" 

and  putting  H  =  30  and  t  =  500  and  /  ^  100  we  find  it  is  588",  that  is  0-00285  radian. 
This  is  a  very  rough  approximation  to  the  refraction  on  a  ray  of  length  100  miles :  in  round 
numbers  it  is  0"003  radian. 

We  now  proceed  to  consider  the  term  —  of  (36)  and  we  have  by  (37)  and  (32) 

o 

Ml             ^  /■     1            2K  dp        d    ,       dp\ 
y  =  y*cos,^(^-^^+  — .J-^^  log^y (49) 

Now  *cos0  is  a  quantity  which  can  hardly  exceed  5  miles,  as  it  is  approximatelv  the  AN 
of  the  figure  of  §8  where  BN  is  perpendicular  to  OA ;  so  that  AN  is  less  than  the  height  of  the 
highest  mountain. 

„  s  cos  <£)        1  15  1 

^'''''  -3^T4:a    <    -3-4-oou-    <    2^0 (50) 

Next  we  have  from  (28) 

K   dp  ^    _ 


fj,'  dh  a-  sin  (j) 

1  ,    2K    dp  4  '         ,      « 

-^ftcos^. .  ^   =    —    --.  COtrf).  — 

3  ^     p.     dh  6  ^    2a- 

and  we  have  just  shown  that  --  is  unlikely  to  exceed  0-003 

1            ,  2K    dp    .  .    „    ,        ,       „  „„ 

-jr  s  cos  d>. .  --    is  numericallv  less  than  0  •  004  cot  6. 

6  ^     p,     dh  •  ^ 

Now  we  may  assume  for  long  rays,  such  as  we  are  considering  in  arriving  at  the  number 
0-003,  that  0  will  be  nearly  90°. 

Taking  (^  =  90°  -  3"  we  get  ^  -  </>  =  ^ 

i- ,5  cos  ^  ~.  ^  <  0-0002 f51) 

o  p,    all  ^     ' 


—  s  cos 
o 


From     (50)     and     (51)     it    is  clear    then    that     we    may    leave    out    of    consideration 

^\r  +  A  "^ ■  ^) '°  evaluating  —and  not  have  an  error  of  more  than588"(00004+  0  0002) 

or  0"-35.  Such  an  error  is  inconsiderable.  WHiile  remarking  that  there  is  no  difficulty  in  taking 
account  of  these  terms,  if  it  is  afterwards  found  desirable  to  do  so,  we  shall  for  the  present  neglect 
them  and  write 


1 

-g-  S  COS 
o 


•^i   ('°^S) (52) 


18.     From  ecjuatioas  (18)  and  (tiO)  we  liave  at  once 
dp 


d,k  \  "^  dh)        dp  r.        ^/i         I     (iti 


dk  ^'-^'■'-e'Tk 
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(53) 


Now  P  =  — 

r 


Q  =  -  i°    =  -  3-4066  X  10-^  ^      in  C.G.S.  units 
=  -  1-8690  X   10-2.  ffo_      i„  British  units 

Also        ^  ^  T,  -J  ^j^    ^  A„         -^  ^  =  2  ^,  trom     (10) 

;^4  ==  -   ^-  X  oOO   ><   (1-8690)-!.  10"  =  -^ 

since      /-'=:— .10- '. 

Hence  considering  that  we  are  concerned  with  tlie  second  term  of  the  refraction  angle,  it 
will  doubtless  be  satisfactory  to  neglect  P  in  comparison  with  Qd  in  the  numerator  of  (53)  and  we 
then  get 

,     .  ,.  ,     -3-4932  X  10-*  f^")'+  5-607  X  10-2^^^,  t-2^,t2 

d,[  ^-d,>)  -    r-  ^.3^^^  ^  ,^_,.^  _  /       ^  ^r  •   •       ("^) 

ffs  \    *        r  / 

This  may  be  written  with  sufficient  accuracy 

^     ^  rfp  ^    1       -  3-5  X   10-*+  5-6  X   10--  ^iT  -  2A^r" ,55, 

rA°^dh-~r-  1-8690  X  10-2-^-  U+    ^)r 

and  the  equation  for  refraction  angle  becomes 

n  =  2-6187   X   10«  (\  +  ^y  ^\  ^|l-8690  x  lO-^.-^    -  (a,  + —\  t 

--^  «  cos  ^-^  (3-5  X  10-* -5-6  X  10-2^1  T  +  2^3  T^)     }      •     •     •     (56) 

Equation  (56)  may  also  be  written,  replacing  '-^  by  unity  in  the  second  term, 

9' 


^  dh 


n  =  2-6187  X  10^(1  +  '^)  (-^"V^  5  1-869.10 -: 

\  R  /    \f/,  /      T"     ( 

1              ,/(  1-869.10-^  +   '^)(l -869.10-2 +  2  Jj)        .„\) 
s.  cos  0  I  V d//.  I  \ dU^       ^'^^  I  I     ■  -  •   (56A) 

■     ■     ■  \  T  ~  dh-)j 
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19.  In  most  cases  the  value  of  th«  second  terra  of  (56)  is  very  nouch  smaller  than  the 
first  term.  The  refraction  is  accordingly  least  M-hen  the  first  terra  is  least :  that  is  when  J,  has 
its  greatest  positive  value. 


(: 


Now  (4t-)    =  A,  ft,       and       6 

<Jo      r 


dh'n 


'    —    ''    "         and       a  =       .  • — • 

!/o      r 

J_  rf0  _  _1_    rf£  _  J_    dr 
■'■    0  dA  "    g'  'dh        t'  dh 

1    dg          1     dT                                                     ' 
•■•   ^^  =  J--dh   -^'dh         (^7) 


whence  A^  is  greatest  when  —  —   -.y  is  greatest. 


T    dh 


The  greatest  temperature  gradient  which  is  stable  is  the  adiabatic  gradient,  which 
corresponds  to  the  law 

—  =  constant      where  7  =  l-4()8         (58) 

9* 

7  being  the  well  known  ratio  of  specific  heats  of  a  gas. 

With  this  gradient  of  temperature,  if  we  take  unit  volume  of  air  at  sea-level    and    carry  it 

to  any  height,  without  allowing  it  to  gain  or  loxe  heat,  it  will  automatically  adjust  its  temperature 
and  pressure  to  that  of  the  surrounding  air  at  the  given  height.  If  the  temperature  falls  more 
quickly  than  by  the  adiabatic  gradient,  we  should  find  that  the  air,  on  adjusting  its  pressure  to 
the  upper  level,  would  have  too  high  a  tcraperature  and  consequently  too  low  a  density.  The 
result  of  this  is  that  the  air  will  rise  by  itself,  and  it  will  continue  to  do  so  until  the  adiabatic 
gradient  is  attained,  if  sufficient  time  be  given  :  that  is  to  say  convection  will  be  set  up. 

If  the  temperature  falls  less  quickly  than  by  the  adiabatic  gradient  the  tendency  would  be 
for  the  air  to  sink  :  but  this  tendency  is  prevented  by  the  earth,  and  the  only  way  in  which 
temperature  equilibrium  can  be  reached  is  by  conduction,  which  in  air  is  a  very  slow  process. 

The  diurnal  varintion  in  radiation  intervenes  before  the  conductive  adjustment  of  tempera- 
ture can  be  completed. 

It  is  to  be  inferred,  then,  that  when  the  lower  layers  of  the  atmosphere  are  heated  by 
radiation  from  the  earth  there  will  be  a  tendency  for  the  adiabatic  gradient  being  attained:  it 
mav  momentarily  he  exceeded,  but  this  can  only  occur  locally,  and  not  through  great  ranges  of 
height. 

We  may  accordingly  consider  true  minimum  refraction  to  occur  when  the  temperature 
gradient  is  adiabatic:  but  we  must  not  expect  that  this  minimum  will  always  be  attained. 

20.     For  the  adiabatic  state  we  have  as  stated  above 

whence  using  (5)  we  get 

-^  =  -77-9-'-'        (59) 
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dr   _        7  —  1      (jf 
7 
0-408        .    „„„        ,_-2 


i/i--  v--7> (««) 


-        1    .,>o   X   1-869   X   10    ^  in  British  units 
1 • 408  ff, 

=  — 0-00542 -^  degrees  Fahrenheit  per  foot.     .     .     .     (61) 

Using  (61),  (57)  and  (56)  we  get 
True  minimum  refraction  angle 

=  2-6187  X  lOe  (l  +  4!)—.  ^(l-869  x    lo"'^  -  0-542   x    lo"'^°-l- 

X    -fl   -  --.s  costf)  A-869   X   10      -  2   x  0-542   x   10  '^l- 

=  3-475  X  10*(l    +-|).(^):^{l-  2-62   x    lo"-*-^}       ....     (62) 

neglecting  2t^  (.A^  —  Ai^)  which  vanishes  if  the  gradient  is  strictly  adiabatic:  for  in  this  case  -jj^  =  0. 

We  shall  see   later  to  what   extent  this  formula   accords  with  the  observations  at  times  of 
so-called  "minimum  refraction". 

Denoting  the  minimum  refraction  angle  by  co  we  may  write  (62) 

0)   =   Mj    -f   &Jo 

where  «,  =  3-475  x  10^  (  1  +    M  f^V  ^^ 

and      a>o  =    —  2-d2   X    10    . -.  a,  =   —   13-8 -.  m, 

T  '  T 

The  general  formula  may  be  written 

n  =  /,  ffl,  +  /„  0)2 (64) 

T 


r'        y (63) 

3 


where   f    -    ^'^^^"'^   f    -   /(l-869-«)  (1-869-2^)   _         cfrl 

and  a  =   -  10^.  "| ^ 

Values  ofyj  andyj,  +  h  are  given  in  table  III,  where  r-—-—.  JO^-yy^  =    h,  corresponding  to 
various  values  of  lO'*  -yj  =  —  a.  It  is  to  be  noted  that  =  500  when  t  =  521  which  corresponds 

70 

to  ordinary  temperature  62° — a  very  usual  temperature:  so  that  h  is  approximately  5   x   10"  -^. 
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Now 


hi  ^ 


,i^ 


Hence  b  may  be  regarded  as  the  excess  in  actual  temperature  at  a  height  10^  =  3162  feet, 
(i£  tempeVature  at  base  is  62°F)  over  temperature  given  by  the  gradient  ai  ihe  lower  station.  The 
excess  at  5000  feet  is  2' 5  h. 


TABLE     I. 


Correction  for  virtual  temperature  of  saturated  air  in  degrees  Fahrenheit,  the  pressure  being  given 

in  inches  of  mercury. 


Temper- 

Pressure 

in  inches 

of^nierfi 

■■y- 

atuie 
(OK) 

10 

12 

14 

16 

18 

20 

23 

24 

26 

28 

30 

32 

0 

0-7 

0-6 

o' S 

04 

0-4 

03 

o'3 

o'3 

o'3 

02 

0-2 

0-2 

10 

1 '  1 

OQ 

0-8 

0-7 

0-6 

06 

O'.i 

o'S 

04 

04 

0-4 

04 

20 

1-9 

i6 

'  '3 

I  -2 

1    0 

09 

09 

08 

0-7 

0-7 

06 

0-6 

23 

2-4 

2-0 

'  ■? 

'S 

'•3 

1  •  2 

1  -  1 

1    0 

00 

09 

0-8 

0-7 

30 

3" 

2-S 

2-2 

19 

'•7 

''» 

'•4 

<'3 

I  -3 

1  •  I 

1  -o 

09 

32 

3'3 

2-8 

2-4 

2-  1 

1-9 

'•7 

I  •  ; 

•■4 

'•3 

1     2 

1  '  1 

I  'O 

34 

3-7 

3° 

2-6 

2'3 

2'0 

18 

I '6 

'■5 

'■4 

'•3 

I  -2 

I  •  1 

3G 

4-0 

n 

2-8 

2' 5 

2-  2 

2-0 

1-8 

1-6 

1     '    ^ 

1-4 

'•3 

I  -2 

38 

4-3 

3-6 

3'' 

2-7 

2'4 

2-  I 

1-9 

1-8 

1-6 

'  '5 

'•4 

'•3 

40 

47 

3'9 

y}> 

2-9 

2-6 

2'3 

2'  I 

"■9 

1-8 

'■7 

'•5 

"■4 

42 

S"« 

4-2 

36 

3'2 

2-8 

2'5 

2 '3 

2- 1 

'■9 

1-8 

"■7 

1-6 

44 

S-5 

4-6 

39 

3'4 

3-0 

2-7 

2'5 

23 

'21 

20 

18 

••7 

46 

6'o 

5° 

4'3 

3"  7 

3  3 

3'o 

J-7 

2' 5 

2'3 

2  ■  1 

2*0 

1-9 

48 

6-5 

S-4 

4-6 

40 

36 

3-2 

2-9 

2-7 

2-5 

23 

2'  I 

20 

fiO 

7-0 

■  5-8 

5'0 

4-4 

39 

3 '5 

3' 2 

29 

2-7 

25 

23 

2-2 

52 

7-6 

6'3 

5'4 

4-7 

4-2 

3-8 

3'4 

3"  ' 

29 

2-7 

2'5 

2-3 

54 

8-2 

6-8 

S-8 

S"' 

4-S 

4-' 

3"" 

3'4 

3'  ' 

29 

2'7 

2"S 

56 

8-9 

7'4 

6-3 

S-5 

49 

4'4 

40 

3  <> 

3'4 

3'' 

29 

2-7 

58 

9-6 

8'o 

6-8 

5'9 

5-3 

4-7 

4'3 

39 

3-6 

.3 '4 

3'2 

3'o 

GO 

8-6 

7 '3 

f.-4 

5-7 

5 '  * 

4-C 

42 

39 

3-6 

3 '4 

3-2 

C2 

93 

7-9 

6-9 

6i 

5 '5 

5'o 

4-6 

42 

39 

3"  7 

3'4 

64 

lO-O 

8-5 

7-4 

6-6 

5  9 

5   4 

49 

4-6 

4-2 

39 

3' 7 

66 

IO-7 

9-2 

8-0 

7' 

6-4 

5-8 

5"3 

49 

4-5 

4-2 

40 

68 

"S 

9"9 

8-6 

7-6 

6-9 

6-2 

5-7 

5   3 

49 

45 

43 

70 

93 

8-2 

7-4 

6-7 

6-2 

5' 7 

5  3 

49 

4-6 

72 

lO-O 

88 

79 

7-2 

6-0 

61 

5-6 

5  "3 

49 

74 

10-7 

Vh 

8-5 

/•7 

7' 

C'S 

6-0 

5-6 

5-3 

76 

"■5 

IO-2 

92 

8-3 

7-6 

70 

6-5 

61 

5'  7 

78 

12-4 

10-9 

9  9 

8-9 

8-2 

7   5 

7-0 

6-S 

61 

80 

106 

96 

8-8 

81 

7-5 

7-0 

6-5 

82 

"■3 

10  3 

9-4 

8-7 

80 

7  'S 

7-0 

84 

121 

I  I  -o 

lO'  I 

93 

8-6 

80 

7'S 

86 

'3'o 

11-8 

IO-8 

lo-o 

9-2 

8-6 

8-1 

88 

'3  9 

12  (i 

11-6 

10-7 

99 

92 

8-6 

90 

'3'5 

124 

1 13 

io"6 

99 

9-2 

92 

'4-5 

13-2 

12-2 

11-3 

'O'S 

99 

94 

'  5 "  5 

14-2 

13  •< 

12-  I 

"•3 

10-6 

96 

16  6 

!;•  1 

14-0 

129 

12-1 

<'-3 

98 

17-7 

16    2 

14-9 

'3-8 

12-9 

12-1 

100 

'7-3 

'59 

148 

138 

129 

Kxamplc: — If  i  —  i>^,  H  =  30.  humidity  =  m,  then  viitnal  temperature  =  50  +  2-3 
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TABLE  II. 

Correction  for  virtual  temperature  of  migrated  air  in  degrees  Centigrade,  the  pressure  being  given 

in  millimetres  of  mercury. 


TABLE     III. 

Valves  of  the  factors  f  and  f  -I-  (jfor  different  femperafure  gradients. 


Temper- 

Pressure 

in  uiillinietres  of 

mercury 

atiire 

CO 

250 

300 

350 

400 

450 

5(X)           550 

(X)0 

C50 

700 

750 

800 

-15 

o"5 

0-4 

o"3 

o'3 

o'3 

0-2           02 

o-  2 

o-  2 

O'  2 

0-2 

02 

-10 

0-8 

0-6 

0-6 

o".'; 

04 

04           04 

0'3 

o'3 

0-3 

03 

02 

-    5 

I  •! 

1  "O 

o-g 

o  8 

0-7 

06           0  ■  6 

05 

o'5 

04 

0-4 

04 

_    2 

1-6 

'■3 

II 

I  'O 

0-9 

08           0-7 

0-7 

oO 

0-6 

0-5 

0-5 

0 

1-9 

1-6 

'3 

1  ■  2 

1  -0 

09           0-9 

o« 

0-7 

07 

06 

00 

1 

2'0 

'•7 

>S 

'"3 

1 '  I 

I  -0            09 

0-8 

08 

07 

0-7 

06 

2 

2-2 

1-8 

1-6 

"■4 

1  ■  1 

1  •  I             i-o 

09 

08 

0-8 

0-7 

07 

3 

2-4 

20 

'•7 

1  •:; 

'■3 

12            1  •  1 

I  -o 

09 

08 

08 

07 

4 

2-6 

2-  I 

1-8 

1-6 

>'4 

1-3                1-2 

I '  1 

1    0 

09 

08 

08 

5 

2-7 

2-3 

2"0 

■•7 

'■5 

14               1-2 

1  •  1 

I  •  1 

I   0 

09 

0-9 

tJ 

y° 

^•.? 

2'  I 

1-8 

16 

'5            '■3 

I  •  2 

I  •  1 

1  -o 

1    0 

o-g 

7 

3-2 

2-6 

2-3 

2-0 

■•7 

.•6            1-4 

'■3 

I  ■  2 

1  '  1 

I  •  I 

1  -o 

8 

rA 

2-8 

2'4 

2-  I 

19 

■■7            '5 

'  '4 

■•3 

1  •  2 

1  ■  I 

1  ■  I 

9 

ri 

3"' 

2-6 

2'3 

2-0 

1-8            .-7 

■5 

i'4 

'•3 

1  -2 

1  •  1 

10 

33 

2-8 

2'.i 

2-2 

20           1-8 

16 

*  *  5 

'4 

'■3 

1    2 

11 

3'S 

3'o 

2-6 

2'3 

2-1                  1-9 

1-8 

16 

'  '5 

'    4 

'  '3 

12 

3-8 

3-2 

2-8 

2 '5 

2  •  3                 2  •  0 

'•9 

'■7 

1-6 

'■5 

'4 

13 

41 

3-S 

3° 

2-7 

24                 2-2 

20 

19 

'■7 

1-6 

'  *  5 

U 

4'3 

3' 7 

32 

2-9 

2  •  6                 2  •  4 

2    2 

2'0 

1-8 

'■7 

1-6 

15 

3-5 

3' 

2-8            2-s 

2-3 

2  *  1 

2  'O 

1  '8 

'•7 

16 

3"  7 

yi 

yo        2-7 

2-5 

2-3 

2-  1 

2'0 

1-8 

17 

40 

y-> 

3"2            29 

2-6 

24 

2-3 

2-  1 

20 

18 

4  3 

3-8 

3  •  4           3  ■ ' 

2-8 

2-6 

24 

2'3 

2'  I 

19 

4-5 

40 

36           3  "3 

30 

2-8 

2-6 

2-4 

2-3 

20 

4-3 

39         3  •; 

3' 2 

30 

2-8 

2-6 

24 

21 

4-6 

4i            3-8 

3  4 

3' 2 

29 

2-7 

2-6 

23 

-v-7 

49 

4  4            4'o 

3-7 

3  4 

31 

29 

2-7 

23 

S'2 

4-7            43 

3  9 

.,■6 

^■^ 

3' 

2-9 

24 

5-6 

50            4O 

42 

3-8 

3-6 

3"3 

3' 

25 

}■'*            4'9 

4'S 

4" 

3-8 

36 

^■3, 

26 

S'7            S-2 

4'7 

44 

4i 

3-8 

3 '5 

27 

61            5  5 

$'° 

4'7 

4'3 

40 

3-8 

28 

''■.'>           5   9 

5 '4 

50 

4-6 

43 

4-0 

29 

6-9           63 

5'7 

5 '3 

49 

46 

4'3 

30 

6-7 

61 

5-6 

5'2 

4-8 

4-5 

31 

7' 

6-5 

6-0 

5 "  5 

5"2 

4-8 

33 

7   5 

6-9 

6-4 

.5-9 

5 '5 

5'  * 

33 

80 

7-3 

6-7 

6-3 

58 

5  "5 

34 

8-S 

7-8 

7-2 

6-7 

6-2 

5-8 

35 

7-6 

7'> 

6-6 

(^■^ 

36 

8'i 

7 '5 

7-0 

f>s 

37 

8'6 

8-0 

7'4 

6-9 

38 

91 

8S 

79 

7'4 

39 

9-7 

90 

8-3 

7-8 

40 

lo-  2 

95 

8-8 

83 

a 

+  0-6 

+  0-5 

+  0-4 

+  03 

+  0-2 

+  0-. 

0 

—  o- 1 

—  0-2 

-0"3 

-0-4 

-OS 

-o'6 

-07 

-0-8 

-0-9 

—  1  -o 

/»  +  * 

+  0-956 
+  o-8i 

1-032 
114 

1-107 
'  '5' 

!•  l8j 

1-91 

1-258 

2-35 

283 

1-408 

3 -.35 

1-484 
3  9' 

'•559 
4-5' 

'•635 

1-710 
5-8' 

1-785 
6-52 

i-86i 
7^27 

1-936 
8-06 

2011 
8-89 

2-087 
9^75 

2   162 
10-6: 
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NOTATION    IN    CHAPTER    II. 


I  distance  at  sea-level  between  normals  through  the  terminal  points  o£  the  ray,  expressed 

in  miles. 

c  distance  at  sea-level  between  normals  through  the  terminal  points  of  the  ray,  expressed 

in  feet. 

»  length  of  ray,  expressed  in  feet. 

A  height  of  station  B  above  A. 

hi  height  of  station  B  above  sea-level. 

R  radius  of  curvature  in  azimuth  of  ray. 

r  =  R  +  lu. 

p,  V  principal  radii  of  curvature  of  spheroid. 

X,  y  rectangular  coordinates  of  any  point  referred  to  origin  at  Nojli,  expressed  in  miles. 

r  absolute  virtual  temperature. 

i  =■  T  —  459 -4  =  virtual  temperature,  Fahrenheit. 

H  barometric  pressure  in  inches  of  mercury,  corrected  for  temperature  of  mercury, 

/  height  of  instrument  above  station  A,  expressed  in  feet. 

S  height  of  signal  above  station  B,  expressed  in  feet. 

S,  8'  plumb-line  deflections  at  A  towards  B,  and  at  B  towards  A. 

a,  a  angles  of  elevation  at  A  and  B  of  the  straight  line  (chord)  AB. 

E  observed  angle  of  elevation. 

dE  correction  to  E  to  allow  for  /  and  S. 

Ec=  E  +  dE  +  S. 

A  azimuth  of  station  M  at  A,  measured  from  south. 

^,  T)  components  of  plumb-line  deflection  towards  east  and  north. 

qQ»i,  Q<i>2    values  of  <oi  and  w,  corresponding  to  S,,,  Hq,  Tq. 

ff^  value  of  ff  at  observatory  station. 

g,  value  of  ff  at  sea-level,  latitude  45°. 

100  w  percentage  humidity. 

^  =  angle  between  normals  at  A  and  B. 

€  =  the  error  in  meridional  plumb-line  deflection  assumed  in  table  V. 

«  =   .A-  1- 
f=  A -I. 
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CHAPTER     II 


The  relative  heights  of  Shaw's  Refraction  Stations. 


1.  During  tlie  years  19(i5-lS)()9.  Air.  H.  O.  Shaw  of  the  Survey  of  India,  made  numerous 
observations  of  tlie  vertical  angles  hetween  the  stations  Nojli,  Dehra  Dun,  Mussooree,  Nag  Tiba  and 
some  of  the  Himalayan  snow-peaks  [see  Professional  Paper  No.  II).  These  observations  are 
Tery  suitable  for  testing  the  forrnulEe  (63)  and  (fi5)  found  in  Ciiapter  I.  The  first  three  stations 
have  been  connected  by  spirit-levelling,  and  so  it  is  possible  to  compare  the  heights  as  found  by 
vertical  angles  with  those  found  by  spirit-levelling.  The  spirit-levelling  would  give  a  means  of 
deducing  the  true  angle  of  elevation  were  full  particulars  of  the  plumb-line  deflection  known  : 
and  then  a  comparison  with  the  observed  angle  of  elevation  would  give  the  difference  due  to 
refraction.  However  as  will  be  seen  later  we  can  only  estimate  roughly  the  influence  of  irregular 
plumb-line  deflections,  so  that  the  comparison  does  not  in  all  cases  give  the  information  sought 
for  with  sufficient  accuracy. 

In  computations  of  the  Survey  of  India  it  has  been  customary  to  refer  trigonometricaliy 
determined  heights  to  the  spheroid  of  Everest.  While  continuing  this,  we  shall  consider  that 
the  tiieoretical  level  surfaces  at  various  heights  are  related  to  the  Everest  spheroid  in  such  a  way 
that  if  li  is  the  radius  of  curvature  of  the  spheroid  in  any  azimuth,  then  R  +  h  is  the  correspond- 
ing radius  of  curvature  of  the  level  surface  through  a  point  at  (orthometric)  height  //,  thus  taking  no 
cognisance  of  the  variation  of  ortliometric  height  between  two  level  surfaces.  The  variation  is  too 
small  in  the  length  of  a  terrestrial  ray  to  have  a  sensible  effect  on  the  observed  angles :  and  its 
inclusion  would  be  an  unnecessary  complication.  We  also  neglect  the  effect  of  change  of  cur- 
vature of  the  level  surface  along  the  projection  on  the  surface  of  the  ray  of  light :  and  thus 
measure  heights  from  the  circle  of  curvature  instead  of  from  the  actual  elliptic  section  of  the 
Everest  spheroid. 

2.  Let  r  be  the  radius  of  curvature  of  the  theoretical  level  surface  through  A,  the  obser- 
vatory station,  in  the  proper  azimuth  ;  and  let  a  be  the  angle  of  elevation  of  B,  that  is  the 
observed  elevation  truly  corrected  for  refraction  :  and  let  X  be  the  angle  between  the  normals  to  the 
spheroid  of  reference  which  pass  through  A  and  B.  Then  if  h  is  the  height  of  5  above  A  we  have 
from  A  OAB,  0  being  the  centre  of  curvature, 

A:t»l  =         >•  ,gg, 

cos  a  cos  (a  +  X) "■     ' 
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whence  h  =  "Ir  sin  (  a  +   ^  j  sin  ^  sec  (a  +  X) (67) 

We  can  in  all  cases  write 

c-  (  1+    '^" )  =  2r  sin  I (68) 

c  being  the  arc  or  chord  at  sea-level  between  the  normals  through  A  and  B:   the  difference 
between  the  two  being  too  small  to  have  an  appreciable  effect  on  our  work. 


We  also  have 


X  ^  „  cosec  l" 


(69) 


and      log  cosec  1"  =  5"3144'251,  which  enable  us  to  compute  X  in  seconds. 

It  has  been  usual  in  the  Survey  of  India  in  deducing  heights  from  the  vertical  angle  at  one 
end  of  ray,  to  treat  r  as  the  same  for  all  azimuths :  but  this  is  not  sufficiently  approximately  true 
and  should  be  discontinued. 


If  the  azimuth,  measured  from  south,  is  A,  then 

R 


cosM        sin-^ 

4-  

P  " 


(70) 


where  p  and  v  are  the  principal  radii  of  curvature  of  the  sea-level  spheroid. 


Then 


P 

p  -V 


p  +  V    i_  p  +  V  J 


and  since  -^ —  is  verv  nearly  the  same  as  — — ; — , 
p  +  p  '  2 


i- being  a  small  quantity,  we  mav  put 

p  +  V  '  '  "^ 


_  p  -\-  V 


with  accuracy  sufficient  for  the  present  purpose. 


cos  2  A 


(71) 


For  use  in  what  follows  table  IV  is  given 


TABLE   IV. 


Latitude 

p  1-  V 

200" 

p  -  y 
200 

O       / 

29  50 

2c8  872 

-524 

30   0 

208  876 

-522 

30  10 

208  879 

-520 

30  20 

208  883 

-5'9 

30  30 

208  886 

-517 

30  40 

208  890 

-5^5 

30  50 

208  893 

-5'4 
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If  we  wish  to  find  a  we  have  from  (66) 

(r  +  h)  cos  X  —  r 

(/  +  //)  sin  X 


tan  a  = 


r  +  h 


cosec  X  —  tan  ^ 


(73) 


in  which  the  value  of  X  found  from  (69)  may  be  used. 


3.  In  the  neighbourhood  of  the  Himalayas  large  deflections  of  the  plumb-line  have  been 
observed.  Here  the  geoid  level  surfaces  separate  from  the  spheroidal  surfaces  to  a  considerable 
extent.  The  absolute  amount  cannot  well  be  determined ;  but  tlie  increase  or  decrease  which 
occurs  in  the  separation  between  adjacent  stations  can  be  estimated — the  estimation  being  better 
and  better  as  we  have  more  deflection  data. 

At  any  point  P  let  the  components  of  deflection  be  ^  r]  measured  towards  east  and  north 
respectively:  and  let  {x,  ij)  {x  +  /l,v,  y  +  <iy)  be  the  rectangular  coordinates,  referred  to  axes 
along  a  parallel  and  a  meridian,  of  F  and  the  adjacent  point  P' .  Then  in  passing  from  P  to  P' 
the  geoid  separates  from  the  spheroid  by  an  amount     ^  dx  +  rj  dy 

Integrating  we  get  A^  the  rise  between  any  two  points  on  a  level  surface 

A/^   ^    (\dx  +  Cqdy        (72) 

To  apply  (72)  we  want  to  know  the  surface,  values  of  ^  and  r]  at  as  many  points  as  possible. 
As  the  points  where  ^  and  r\  are  known  are  comparatively  speaking  few  in  number  we  shall  use 
mean  values  of  f  and  t)  at  both  ends  of  each  element. 

Chart  No.  I  shows  the  deflections  which  have  been  observed  in  the  district  with  which  we 
are  dealing.  The  deflections  in  longitude  are  not  known  at  so  many  places  as  the  deflection  in 
latitude:  but  by  assuming  the  direction  of  the  resultant  deflection  to  vary  smoothly  over  the 
district,  we  interpolate  certain  values. 

4.  We  shall  now  estimate  the  rise  in  the  geoid  over  the  spheroid  between  Nojli  and 
Mussooree.  It  is  certain  that  the  geoid  is  above  the  spheroid  at  Nojli  but  as  we  are  concerned 
only  with  relative  heights,  we  need  not  pay  any  attention  to  that  fact.  We  follow  .the  line 
Nojli-A-Dehra-Rajpur-Mussooree  and  tabulate  data  in  table  V. 

TABLE  V. 


X 

y 

J 

1 

Nojli 

0 

0 

(  8-3) 

'3-6 

A 

15-6 

19-4 

(17-8) 

29-0 

Dehra 

23-7 

30-1 

33-7 

37-5 

Rajpur 

26-1 

?,5-7 

(33-8) 

47  "7 

Mussooree 

24-3 

39-2 

38-2 

3,^-5 

NagTiba 

23-5 

(32) 

X  and  y  are   given  in  miles :  ^  and  -q  in   seconds ;   values  of  ^  and  rj  found   by  interpolation  are 
included  in  brackets    (     ) . 
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Using  (71)  and  taking  mean  values  of  ^  and  r)  in  each  element  we  get 

2fi  •  1  4'^  •  Pi 

Rise  in  element  Nojli— A  =  15-6  x  ^  +  19-4  x  -^   =  204  +  413  =  617 


A— Dehra  =     81  x 
Dehra — Rajpur  =     2'4  x 
Rfijpur — Mussooree  =— 1-8  x 


40;5 

2 
55 '5 

61-0 


2 
10-7  X  ^^  =  164  +  356 


520 


5-6  X  -.,-  = 


67  +  239  =  306 


2 


+ 


84.*  2 
3-5  X  ^l^=-55  +  147  =   92. 


These  numbers  have  to  be  multiplied  by 


5280  X  TT 


2 


0256  to  reduce  the  results  to  feet ; 


180x3600 
after  which  they  become  15*8,  13  3,  7 "8  and  2-4  feet  respectively,    whence 

the  rise  of  the  geoid  at  Dehra  =  29  1  ft.  +  rise  at  Nojli 

„  „  Rajpur  =  36-9  ft.  +      „  „ 

„  „  „  Mussooree   =  39  3  ft.   +      „  „ 

It  will  be  seen  that  these  results  are  not  susceptible  of  high  accuracy.  Especially  in  the 
short  Hue  Dehra-Rajpur-Mussooree  where  the  latitude  deflection  changes  from  37  5  to  47'7  aud 
back  to  365  in  less  thau  10  miles,  is  this  the  case.  We  have  no  means  of  knowing  where  the 
maximum  deflection  occurs  :  or  what  its  amount  is.  Perhaps  a  more  detailed  examination  would 
reveal  a  spot  where  the  latitude  deflection  is  considerably  greater  thau  that  which  has  been  found 
at  Rajpur.  The  fact,  which  is  arrived  at  later  in  §  11  that  the  height  of  Mussooree  above  Dehra 
as  found  by  vertical  angles  exceeds  that  found  by  spirit-levelling  by  2  feet,  taking  the  rise 
of  spheroid  between  Mussooree  and  Dehra  to  be  10-2  feet  as  computed  above,  suggests  that 
the  mean  deflection  on  this  line  is  some  8"  larger  than  we  have  taken  it  to  be.  It  is  hoped  that 
we  shall  soon  have  additional  observation  data  at  intermediate  points,  which  will  clear  up  this  point. 

5.     Table  VI  gives  some  data  regarding  the  points  with  which  we  are  concerned. 

TABLE     YI. 


No. 

Name  of  Station 

Orthoiiietric 

spirit-levelled 

lieiglit 

Latitude 

Longitude 

1 

Nojli  Refraction  Station 

feet 

886-7 

o 
29 

5.3 

^T57 

0 

77 

40 

25-30 

■k 

2 

Nojli  Tower                 „ 

937-0 

29 

53 

27-76 

77 

40 

24-59 

3 

Dehra  Dun  Refn.      „ 

2234-3 

3" 

'9 

28-52 

78 

3 

23-04 

4 

Mussooree       „          ,, 

6929-9 

30 

27 

40-38 

78 

4 

17-66 

09 

S 

5 

„       Abbotsford  B.  S.t 

6682-4 

-4-» 

6 

7 

„       Castle           B.  S.t 
Nag  Tiba                        h.  s. 

6890-4 

30 

35 

1 1  -09 

78 

9 

9-57 

a 
0 

9915* 

8 

Bandarpunch 

20720* 

31 

0 

12-     I 

78 

33 

17-  1 

9 

Srikanta 

20120* 

3° 

57 

25-     2 

78 

48 

22-  0 

10 

Jaonli 

21760* 

30 

51 

17-   4 

78 

51 

25-  4 

11 

Kedarnath 

22770* 

30 

47 

53-  0 

79 

4 

7-  0 

J 

Height  given  in  Synoptical  Volume  XXXV,  determined  by  triangulation. 


t   Barometer  station. 
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Table  VII  gives  the  distances  in  miles  (in  italics),  the  logarithms  of  the  sea-level  distances 
expressed  in  feet  between  the  several  points,  and  the  azimuths  at  station  A  of  the  lines. 

TABLE    VII. 


No. 

station  B 

station  A 

Nojli  K.  S. 

Nojli  Tower  E.8. 

Dehra  Dun  K.S. 

Mussooree  R  S. 

Nftg  Tib»  R.S. 

1 

Nojli               R.  S. 

0-012 

1-8153937 
287°  4'  22" 

37-644 

5-2983245 

37°  35'  5«" 

45-928 

5.3847096 

31°  19'  29" 

55-809 

5-4693389 

30°  59   59" 

2 

Nojli  Tower       „ 

0-012 

1-8153937 
107°   4'    23" 

... 

37-648 

5-2983743 

37"  36'  54" 

45-931 

5-384738' 
31°  20'  23" 

55-812 
5-4693617 
31°  0'  44" 

3 

Dehra  Dun        „ 

37-G44 

5-2983245 

217°  24'  19" 

37-648 

5-2983742 

217°  25'  23" 

... 

9-454 
4-6982573 
5°  30'  9" 

18-927 
4-9997102 
17°  41'  26" 

4 

Mussooree         „ 

45-928 
5-3847096 
211°  7'  29" 

45-931 

5-3847381 
211=  8'  23" 

9-454 

4-6982573 

•85"  29    41" 

... 

9-886 
4-7176760 
29°  17'  57" 

5 

Nag  Tiba 

55-809 

5-4693389 

210°  45'  31" 

55-812 

5-4693617 

210°  46'   15" 

4-9997102 

197°  38'  31" 

9-886 

4-7176760 

209°  15'  28" 

6 

Bandarpunch* 

92-923 
5-6907586 
214°  14'  7" 

92-927 
5-6907758 

214°  '4    3.3" 

55-376 

5-46.59533 

212°   16'  28" 

47-128 

5 -3959 '67 
217°  28'  3" 

37-370 

5-2951554 
219°  40'  26" 

7 

Srikanta* 

99-800 

5-7217645 
222°  20'  42" 

99-805 
5-7217874 
222°  21'  5" 

65 -580 
5-5176761 

225°  .30'  .59" 

55-474 

5-4667208 

23'"  48'  58" 

46-498 
5-3900718 
236°  32'  8" 

8 

Jaonli* 

96-962 

5-7092350 

226°  29'  27" 

96-968 

5-7092623 

226°  29'  49" 

60-084 

5-5013963 
232°  21'  39" 

54-063 
5-4555.308 
239°  42'  0" 

45-814 
5-3836287 
246°  1'  6" 

9 

Kedarnath* 

104-149 

5-7402884 

232°  47'  12" 

104-156 

5-7403184 
232°  47'  31" 

68-583 

5 -.55885 1 8 

241°  20'  59" 

63-750 

5-5271726 

248°  24'  32" 

56-438 

5-4742023 

254°  47'  48" 

*Snow  peak. 
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6.  We  now  proceed  to  find  the  angle  a  (nee  §2)  for  the  cases  Nojli-Mussooree  and  Dehra- 
Mussooree  making  use  ot  equation  (72)  and  the  differences  of  height  obtained  by  spirit-levelling 
corrected,  as  far  as  possible,  for  irregular  deflections  of  the  plumb-line.  The  computation  is 
as  follows  : — 


Nojli  U.S. 

Dehra  R.S. 

Azimuth  of  Mussooree 

211°  7'  29' 

i85°29'4i" 

K/lOO  for  this  azimuth  by  (71)  ... 
logR     ... 
log  c       ... 

208630 

7-3193768 

5  •3847096 

208374 

7 •3> 88435 
4-6982573 

log  sin  X  %  log  -^r  nee   (69)  j 
X 

2-0653328 
39' 57"- 5 

3-3794138 
8'I4"-I 

r  +  A     ... 
h 

208710X  lO* 
6082-5 

208443 X 'o- 

4705-8 

Iog/<       ... 
log  (r  -1-  h) 

3-7840821 
7-3'95433 

3-6726335 
7-3189873 

log  A/{r+h) 
log  sin  ^ 

-_ _^ 

4-464.5388 

2-0653328 

4-3536462 
.3-3794137 

\ogA/ir  +  h)  sin  X    ... 

— ~r  ■  cosec  X 
r  +  A 

tan  ^-    . . . 

2-3992060 

0-0250730 

0-00581 16 

^•9742325 
0-0942394 

0-0011977 

tan  a  = ,    cosec  X  —  tan     - 

r  +  A                              2 

a 

a'  =  —  a  —■  X 

0-0192614 

1°   6'i2"-5 

-i''46'  10*0 

0-0930417 
5°  i8'56"-i 

-5°    27'    I0"-2 

In  the  last  line  a  is  the  value  of  a  at  Mussooree  to  Nojli  and  Dehra  respectively. 

7.     Let  E  be  the  observed  elevation  of  station  B  from  station  A,  8  the  plumb-line  deflec- 
tion at  A  towards  B  and  il  the  angle  of  refraction. 


Then 


■whence 


E  - n  +  B  =  a 
n  z=  E  +  B  —  a 


(73) 
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Usiug  table  V  we  form  table  VIII. 

TABLE  VI IT. 


Station 

B 

h' 

B  —  a 

8'  -a 

A 

B 

Nojli 

Mussooree 

'.5"-9 

-46"- 1 

-i°5'  56"-6 

+  '°45'23"-9 

Dehra 

Mussooree 

39" -6 

-39"- 1 

-5°i8'i6"-5 

+  5°  26' 31"- 1 

S'  is  the  value  of  tiie  deflection  cd  Mussooree  towards  Nojli  and  Dehra. 

8.  We  will  now  apply  (63)  to  the  determination  of  minimiim  refraction  in  the  case  of 
Mr.  Shaw's  observations  between  Nojli,  Dehra  and  Mussooree  and  will  compare  the  refraction 
computed  in  tliis  way  with  tlie  values  obtainable  from  (73). 

In  the  first  case  we  will  use  tiie  mean  results  of  eacli  season.  From  time  to  time  the 
heights  of  the  theodolite  and  of  the  signals  were  changed,  so  that  it  will  be  convenient  to  express 
these  heights  in  terms  of  the  angles  they  subtend,  and  then  apply  these  angular  corrections  to  the 
observed  elevations.  If  we  denote  the  heights  of  the  instrument  and  of  the  signal  by  1  and  S 
respectively  and  express  the  results  in  seconds  of  arc,  we  have 

dE  =  ^  ~  ^.  cosec  I" (74) 

c 

and  in  the  case  we  are  considering; 


and 


(IE  =  [I  -  S)  0"-851    for  Nojli-Mussooree, 
dE  =  [I  —  S)4"-131    for  Dehra-Mussooree. 


We  will  begin  with  the  Dchra-Mussooree  observations.     In  dealing  with  the   actual  deter- 
mination of  ft)  it  is  most  convenient  to  compute  mj  and  &)j  for  selected  average  values  of  H  and  t, 
viz.,  //q  and  t^ 
where  H  =■  Hq  +  dH     and      r  =  t^  +  dr (75) 

and  then  apply  corrections  to  take  account  of  the  actual   values  of  H  and  t  on  each  occasion. 
The  values  so  found,  viz.,   ^wy,   yWj   will  be  connected  with  <Bj  and  wj  by  relations 


where 

and 

so  that 

and 


d(M) 


1.  _ 


dw^ 


dH 
dH 

s: 


"a  =    o'^'s  (  1  + 


•^0 

3^ 

To 

dH 

2dT\ 

Ho 

rj 

dH 
Ho  " 

_  3«?t\ 

(76) 


9.     Dehra  to  Mussooree  : 

In  this  case     /n  =   6930      feet  H^  = 

I     =   9  •454    miles  Tq     = 

ffo  =   979-06  = 

ff,   =  980-62  <o     = 


27-6  Eo  =  5°  18' 40" 

459-4  +  85 

544-4 

85,    being  the  actual  Fahrenheit  temperature. 
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Then 


...  =  a-473xlO^(wA)(|)!f^=   30^-5 


,,6,3  =  _  2-62  X  10 

Mtissooree  fo  De/ira : 

Aj   =  2234 

/     =  9-454 

9o  =  978-79 

ff,  =  980-62 

from  ■which  we  compute 

ow,   =   28" -3  o^i!   =    +    f>"'68 

The  remaining  data  and  the  deduction  of  refraction  are  exhibited  in  tables  IX  and  X A  and  XB. 

TABLE     IX. 


Hn  =  23-3 

.E„  = 

-  5°  26'  20 

To    =   459-4  +  60 

=    519-4 

t,     =  60 

c 

CD 

■a 

c 

a 

C 

S 

« 

sz 
o 

"5 

I 

o 
o 

d 

l<5 

XI 

0 

1 

£ 

u 

•W 

0^ 

s 

g 

0 

1 

•0 
+ 

sU= 

•f 

c 

D 
3 

1 

^^= 

-t- 

3 
3 

3 

+ 

3 
3 

Dehra  to  Mussooree. 

1 

1 

Oct.  28  —  KoT.  3 

1905 

8"  No.  956 

14 

27-75 

27-61 

819 

8-1 

(-.15) 

-    0-3 

+  - 0OO4 

—  0011 

.^0-5 

~  -  7 

29-8 

2 

March  1  —  5 

1906 

do. 

10 

27-84 

27-72 

75-2 

6-3 

■45 

-   7-0 

+  -0043 

-  -0257 

31-4 

-•7 

30-7 

3 

October  23  —  29 

1906 

do. 

13 

27-75 

27-60 

83-8 

8-6 

•37 

+     2-0 

■0000 

+  -0073 

30-3 

~  ■? 

29-6 

4 

March  4  —  9 

1907 

12"  No.  Ill 

12 

27-8. 

27-69 

75-7 

6-5 

•42 

-   6-6 

+  -0033 

—  -0242 

3>-3 

~  '7 

30-6 

5 

November  7  —  H 

1907 

do. 

17 

27-83 

27-69 

8o-8 

7-8 

':ix 

-    1-6 

+  -C033 

-  -0059 

30-8 

-  "7 

30-' 

C 

Marcli  30  —  April  3 

1908 

8"  No.  956 

12 

27-65 

27-47 

95  3 

12-8 

•20 

-1- 12-9 

-•0047 

+  -0474 

28-9 

-•6 

28-3 

7 

October  22  —  31 

1908 

do. 

21 

27-64 

27-50 

82-0 

8-1 

■is 

—    0-2 

— • 0036 

— -0007 

.30-4 

""  -7 

29-7 

8 

February  8  —  12 

1909 

8"  No.  1311 

10 

27-85 

27-74 

696 

S"3 

-.33 

-13-6 

-f  -  005 1 

-0499 

32-2 

-■6 

31-6 

9 

March  22  —  29 

1909 

do. 

13  127-79 

27-63 

86-7 

9"5 

•18 

+   3-4 

+  -0011 

+ -01 25 

30-2 

~  "! 

29-5 

Mtcssooree  to  Dehra. 

1 

NoTember  7  —  13 

190E 

8"  No.  956 

14 

2.1-54 

23-48 

58-2 

40 

(-48) 

+    o- 1 
* 

■f  io-«) 

■H-O077 

+ • 0004 

285 

+  ■7 

29-2 

2 

April  10—20 

190C 

do. 

24 

23-40 

23-3' 

68'9 

60 

•ii4 

-^  -  0004 

-I-  -042c 

27-1 

+  -6 

27-7 

3 

Oct.  1 1  —  Nov.  7 

loot 

do. 

21 

23-52 

23-45 

606 

4-5 

•65 

+   3-5 

+  -0064 

■*-"0'35 

28-1 

+  •7 

288 

4 

April  8  —  23 

1907 

12"  No.  Ill 

14 

2.r43 

23-36 

6.-2 

4-6 

•48  1+    ^-4 

+  .0026 

+ ■o'3' 

28   0 

-^•7 

28-7 

5 

October  21  — 31 

1907 

do. 

20 

23-49 

23-42 

62-1 

4-7 

-39    -^   3-? 

j  +  -0052 

+  -01SC 

28-0 

+  ■7 

28-7 

6 

March  9  —  20 

190S 

8"  No.  956 

12     23-46 

23-40 

58-0 

4-0 

-32  !-  0-; 

1 

-H  -0043 

— -0027 

j 

28-5 

+  -7 

29-2 

7 

October  22  —  31 

190f 

i   8"  No.  1316 

18 

23 '44 

23  37 

59-7 

4-3 

-4> 

+    I  ■; 

1 

l-t-  -0030 

■f-oo5f 

28-2 

•^■7 

28-9 

8 

April  0—10 

1901 

)    8"  No.  1311      15 

2344 

2.1 '35 

68  0 

5-9 

•28 

+    9-' 

-1-  -0021 

+  -0374    27-3 

+  -6 

27-9 
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In  tables  XA  and  XB  tlie  comparison  of  the  results  found  in  table  IX  witli  tliose  found  by 
means  of  (73)  is  carried  out. 

TABLE     XA. 

Dehra  to  Mwnsooree. 


Serial  No. 

1 

2 

3 

4 

5 

6 

7 

8 

9 

/ 

4   loi 
3     5i 

4    10^ 
2       Sk 

4   loi 

2       .54 

4     7 

2-  I 

/           // 

4     7 
2     5^ 

4   'o4 
2     5i 

5  0 
I     1\ 

4   loi 
2     54 

4  io4 
2     54 

I-S 

2-4 

9'9 

44-2 
i6-5 

2-4 

2-  1 

2-4 

3-4 

2-4 
9-9 

49'7 
,6-5 

43"  I 
31-6 

2-4 

flE 

E 

B  —  a 

9-9 
5°  1 8  43" 9 
—5°   18   7 6 "5 

9-9 

42-7 

16 -5 

8-7 

45-8 
i6-5 

8-7 

43-3 
I6-.5 

9-9 
43-3 

14-0 

43-3 
,6-,5 

9-9 
46-6 

,6-5 

Deduced  refraction 
m  from  table  TX 

II 

37-3 

29  "s 

37-6 
30-7 

6-9 
Mar. 

36-1 
29"6 

38-0 
30-6 

35 '.5 
30-1 

36-7 
28-3 

40-8 
29-7 
111 

40-0 
29-5 

Difference 

+  r^ 

6-.5 

7-4 

5-4 

8-4 

11-5* 
Feb. 

10-5 

Month 

Oct. 

Nov. 

Oct. 

Mar. 

Nov. 

Mar. 

April 

Oct. 

Mar. 

Spring    mean  difference  +  8-4 
Autumn  mean  difference  +  7'6 


TABLE     XB. 

Mussooree  to  Dehra. 


Serial  No. 

1 

2 

3 

4 

5 

.6 

7 

8 

/ 

4  loi 
2     5h 

4  104 
2     54 

4   104 
2     54 

4     7 
2     54 

4     7 
2     54 

4   io4 
2     54 

4   104 
3     04 

4  104 
2    54 

I-S 

2 -'4 

2-4 

2.4 

2-  I 

2-  I 

2-4 

1-8 

2-4 

dE 

E 

B-a 

9  "9 
-5°  26  2o''6 
+  5  26  31-1 

9-9 

21-8 
31 -T 

9.9 

21  -2 
31 -T 

8-7 
21  •  1 
31-1 

8-7 
22-3 
31-1 

9-9 
19-7 

31-1 

21-3 

29-2 

7'4 

12-4 

31-1 

9-9 
18-5 
31-1 

Deduced  refraction 
(o  from  table  IX 

20-4 
29-2 

19-2 

27-7 

19-8 

28-8 

18-7 
28-7 

17-5 
28-7 

26- 1 
28-9 

22-5 
27-9 

Difference 

-8-8 

-«-5 

-9-0 

—  TO-O 

—  11-2 

--•9 

-2-8 

-5-4 

Month 

Nov. 

April 

Oct. 

Nov. 

April 

Oct. 

March 

Oct. 

April 

Spring   mean   difference  —  8'() 
Autumn  mean  difference  —  8-0 


*  Tills  is  not  included  in  the  Spring  mean. 
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10.  From  tables  XA,  XB  we  see  that  the  refraction  computed  by  (63)  is  too  small  at  Dehra 
and  too  great  at  Mussooree  to  agree  with  the  deductions  made  from  the  spirit-levelled  height, 
corrected,  as  well  as  possible  from  available  data,  for  plumb-line  deflection.  We  have  computed 
a  mean  refraction  of  30"-0  at  Dehra  and  28"'fi  at  Mussooree:  aud  from  spirit-levelling  we  deduced 
88" -0  at  Dehra  and  20" -6  at  Mussooree.  That  the  refraction  at  Dehra  should  be  practically 
double  of  what  it  is  at  Mussooree  seems  incredible  in  face  of  observation  data.  It  may  be 
stated  in  passing  that  the  old  method  of  dealing  with  refraction  was  to  assume  equal  angles  of 
refraction  at  the  two  ends  of  a  ray. 

The  sum  of  the  refraction  angles  at  the  two  ends  of  the  ray  is  a  known  quantity  for  if  the 
refraction  at  one  end  is  known  the  heigiit  can  be  computed:  and  then  the  refraction  at  the  other 
end  can  be  deduced  from  the  known  height.  Accordingly  we  know,  beyond  doubt,  that  the 
sura  of  the  refractions  must  be  38  •  0  -I-  20  •  6  =  58"  •  6 .  The  value  from  table  IX  is  30  •  0  -(-  28  •  6  =  58"  •  6 
which  is  in  absolute  agreement.  So  the  computed  refraction  satisfies  exactly  tlie  only  certain 
test  that  we  have.  It  is  to  be  inferred  that  the  other  test  fails  because  we  have  not  accurately 
corrected  the  spirit-levelled  height  to  a  height  above  the  spheroid. 

In  consideration  of  the  fact  that  theodolites  have  a  graduation  error,  this  agreement 
of  the  sum  of  refractions  found  above  is  remarkable :  and  it  is  to  be  attributed  to  the  fact  that 
no  less  than  four  instruments  have  been  used.  With  our  12-iiich  theodolites  we  have  frequently  found 
differences  of  7"  in  means  of  measures  of  horizontal  angles,  according  as  different  zeros  are  used. 
This  represents  a  graduation  error  of  +  3' '5.  We  cannot  expect  the  vertical  circle  to  be  better 
graduated  than  the  horizontal  circle  :  and  as  the  vertical  circle  is  not  moveable,  we  have  only 
observed  on  two  zeros  for  vertical  angles.  A  very  possible  error  in  the  case  of  a  12-inch  instrument, 
then  is  3"  :  and  with  an  8-inch  instrument,  we  need  not  be  surprised  with  as  much  as  5"  error. 

11.  The  couclusion  arrived  at  is  that,  in  consideration  of  the  rapidly  varying  plumb-line 
deflection  between  Dehra  and  Mussooree,  the  height  determined  by  vertical  angles  corrected  for 
refraction  should  be  accepted. 

The  difference  of  height  of  Mussooree  and  Dehra  as   determined   from  observations   from 

Dehra  exceeds   that  deduced  from  spirit-levelling,  corrected  for  plumb-line   variations  as  in  §  6 

8*0 
by  TyTn^  \-9^  feet;  from  observations  from  Mussooree  the  excess  is  the  same.     Accordingly   we 

get  a  height  4707-7,  greater  by  1-9  feet  than  that  found  in  §6.     We  shall  consider   this    to    be 
the  correct  difference  of  height  of  Mussooree  above  Dehra  in  all  that  follows. 

12.  It  is  necessary  first  of  all  to  revise  the  values  of  a,  a  found  for  Nojii-Mussooree  in 
§  7.  By  (74)  the  correction  for  1-94  feet  is  1-94  x  0"-851  =  l"-7  and  is  positive,  so  that 
in  this  case 


-  a   =  -  1°    5'  58"-3-) 

\ (7: 

'  -  a   =  +  l°45'25"-63 


S    - 

[ (77) 

corresponding  to  a  difference  of  height  of  6084-4  feet. 

We  will  proceed  in  the  same  way  for  the  Nojli — Mussooree  observations  as  we  have  already 
done  in  §  9  for  the  Dehra— Mussooree  observations,  making  use  of  {77).  In  this  case  we  shall 
have  much  larger  refraction  angles,  which  will  make  the  instrumental  graduation  errors  relatively 
less  important :  and,  in  addition,  the  slight  uncertainty  as  to  the  height  of  Mussooree  will  be  of 
very  little  significance. 
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There  are  two  stations  at  Nojli  which  are  close  together.  The  distance  of  Nojli  R.S.  from 
Mussooree  R.S.  is  45-928  miles,  while  that  of  Nojli  Tower  S.  is  45'931  miles.  The  difference 
of  these  distances  is  only  '003  mile  or  16  feet,  so  that  it  will  be  con%'enient  to  treat  these  two 
stations  as  one  and  apply  a  small  correction  on  this  account.  Now  the  elevation  of  Mussooree  at  Nojli 
is  1°  8'  30"  approximately  :  so  that  on  this  account  the  lieight  is  decreased  by  16  sin  1"8'  30"  = 
0-32  foot  which  corresponds  to  a  change  of  angular  elevation  of  -32  x  -851  =  0"-27  =  0"-3  =  e. 
We  will  combine  this  with  the  value  of  8  —  a  and  8'  —  a  for  the  Tower  station  and  then  have 
the  following  values : — 

h    -  a   +  e  =      -  1°    5'58"-0- 


h' 


+ 


1°    5'58"-0-^ 
1°  45' 25"- si 


Using  this  modification  we  can  treat  the  two  stations  at  Nojli  as  if  they  were  on  the  same 


vertical. 


13.     Nojli  to  Mussooree. 
h    =  6930 
/      =    45-928 
ff,    =  979-14 
ff,    =  980-62 
whence 


Mussooree  to  Nojli. 
h  =  887 
I    =     45-928 
g,  =  978-79 


980-62 


whence 


//n  =     29-0 


To    =  459-4  +  70 


Ba  =  1°  8'  30" 


=  529-4 


t,    =  70 


oWi  =  164" -7 


„a)3  =  —  3" -96 


H^  =     23-3 
To    =  459-4  +  60 
=  519-4 


E„=  -  1°  42'  40* 


^0    =  60 


o«i  =  137-3  o«3  =  +4"-93 

The  remaining  data  and  the  deduction  of  the  refraction  are  exhibited  in  tables  XI  and  XIIA 
and  XIIB. 

In  tables  XIIA  and  XIIB  the  heights  of  instruments  and  of  signals  are  taken  account  of. 
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TABLE    XI. 


d 

1 

Instrument  used 

B 
O 

t 
% 
■% 

6 

2; 

(.■ 
u 
1) 
m 
XI 
O 

t 
1 
£ 

S-' 

0 

s 
% 

u 

%• 
0 
0 

fcf 

~ 

H 
g 

to 

•5 
■| 

W 

1 

+ 

n 

^^° 

M  1  '^ 

1 
+ 

1 

II 
3 

+ 

II 
3 

+ 

3 

11 
3 

if(y7ii  fo  Mussooree,  * 

1 

December  1 — 8 

1905 

8"  No.  956 

16 

29-25 

29-12 

75 -S 

6-2 

'?,^ 

7-5 

-0041 

-0283 

160-7 

-3-8 

156-9 

2 

March  14—16 

1906 

do. 

9 

29-16 

29-02 

80.6 

7-3 

•31 

12-9 

•0007 

.0486 

156-8 

-3-7 

153-' 

3 

Nov.  22— Dec.  16 

1906 

do. 

9 

29-27 

29-14 

76-6 

6-5 

-.13 

8-7 

-0048 

•0328 

160-  I 

-3-8 

'56-3 

4 

March  20—23 

1907 

12"  No.  Ill 

4 

29-13 

29-00 

75-4 

6-2 

'39 

7-8 

-0000 

•0294 

159-9 

-3-8 

156-1 

5 
6 

January  16—26 
March  9—12 

1909 
1909 

8'  No.  956 

and  1311 

8"  No.  1311 

10 
6 

29-20 
29-02 

29-09 
28-87 

69-4 
84-7 

4-9 

8-5 

•.36 
•16 

1-2 
16-I 

•0031 
--0045 

-0045 
•0607 

'64-5 

■S4-0 

-39 
-3-6 

i6o-6 

■50-4 

7 

March  17—20 

1906 

8"  No.  956 

9 

29-02 

28-88 

81-6 

7-7 

•27 

13-8 

— -0041 

•0520 

•55-5 

-3-6 

15' -9 

8 

March  25—28 

1907 

12"  No.  Ill 

9 

29-10 

28  96 

80-0 

7-3 

-28 

12-0 

—  -0014 

•0453 

•57-0 

-3-7 

■53 -3 

9 

January  28 

1909 

8"  No.  1311 

6 

29-19 

29-10 

61-S 

3-7 

•40 

-   7-0 

-0035 

— -0264 

169-6 

-4-1 

'65- 5 

10 

March  13—16 

1909 

do. 

6 

29-07 

28-92 

83-3 

8-1 

•17 

"4-7 

-  -0028 

•0555 

>ss-> 

-3-6 

'Si-S 

Mussooree  to  Nojli.  f 

1 

November  12 

1905 

8"  No.  956 

1 

23-48 

23-4I 

60-0 

4-3 

(■47) 

2-0 

•0047 

-0077 

136-9 

+  4-9 

141-8 

2 

April  19—25 

1906 

do. 

5 

2.r38 

23-29 

68-3 

60 

'35 

10-4 

— • 0004 

-0400 

131-7 

4-6 

136-3 

3 

October  31— Nov.  7 

1906 

do. 

7 

2.V49 

23-42 

60-5 

4-4 

•52 

2-8 

•0051 

•0108 

136 -5 

4-9 

141-4 

4 

April  8—20 

1907 

12"  No.  Ill 

12 

2.? -44 

23-37 

61-1 

4-5 

•5' 

3-4 

•0030 

•01 3 1 

>.W-9 

4-9 

140-8 

5 

March  11— April  21 

1908 

8"  No.  956 

10 

2.VS1 

23-43 

66-4 

5-6 

-26 

7-9 

-0056 

•0304 

«33-9 

4-7 

138-6 

6 

October  24—31 

1908 

8"  No.  1316 

11 

23' 4.^ 

23-37 

59-3 

4-4 

•44 

1-2 

-0030 

-OO46 

137-1 

49 

142-0 

7 

April  7—16 

1909 

8"  No.  1311 

12 

2.r43 

23-35 

67-9 

5-9 

-29 

9-6 

-0021 

•0370 

132 -s 

4-7 

137-2 

8 

April  19—25 

1906 

8"  No.  956 

6 

23 '39 

23-30 

698 

6-4 

•35 

I2'0 

•0000 

•0462 

1309 

4-6 

'35-5 

9 

November  1 — 7 

1906 

do, 

7 

23-49 

23-42 

59-8 

4-3 

•53 

2-  I 

-  ooj  1 

•0081 

136-9 

4-9 

141-8 

10 

April  8-20 

1907 

12"  No.  Ill 

12 

23 '44 

23-37 

61-1 

4-5 

•51 

3  4 

-0030 

•0131 

«35-9 

4-9 

140 -8 

11 

November  21 ,22 

1907 

do. 

i 

23-46 

23-40 

57-2 

4-0 

-44 

—    I  -0 

-0043 

--0039 

1.^8-4 

5-0 

'43-4 

12 

March  9— April  21 

1908 

8"  No.  956 

14 

23-48 

23-41 

62-5 

4-8 

•27 

3-8 

•0047 

•0146 

•35-9 

4-9 

140 '8 

13 

October  24—31 

1908 

8"  No.  1316 

12 

23-43 

23-37 

59-3 

4*4 

-44 

I  -2 

•  0030 

•0046 

137-1 

4-9 

142-0 

14 

April  6—16 

1909 

8"  No.  1311 

13 

23-44 

23-36 

67-7 

5-9 

■28 

9-4 

•0026 

-0362 

132-7 

4-7 

137-4 

*  N08.  1 — 6  from  Eefraction  station :  Nos.  7 — 10  from  Tower  station. 
\  Nos.  1 — 7  to  Nojli  Refraction  station  ;  Nos.  8 — 14  to  Tower  station. 
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TABLE     XII  A. 

Nojli  to  Mussooree. 


NojLi  Refraction  Station 

Nojli  Towke  Station             1 

Serial  No. 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

I 
S 

4-9 
1-6 

4'9 
1-6 

49 
1-6 

4-6 
1-6 

49 
1-6 

49 
1-6 

54   7 
1-6 

54  4 
1-6 

54-7 
1-6 

54-7 
1-6 

I-S 

n 

r?. 

.1M 

.^■0 

yi 

yi 

ii  • ' 

52-8 

hi  • « 

5.^' 

(IE 

n-a 

at          It 

1  8  298 

2-8 

26-9 

2-8 
25-4 
_Sll3_ 
'499 

2-5 
2.V9 
58-.^ 

2-8 

49-5 

2-8 

•9'9 

45 '2 

Q       /              /* 

'   7  45 "4 

0       /              // 

-'  5  580 

44-9 
46-0 
58-0 

45 -2 
6.v8 
58-0 

45'2 
44-8 
58-0 

Deduced  refraction  =  n 
01  from  table  XI 

>S4'.? 
156-9 

>S"'4 

1481 
i?6i 

174-0 

160 -6 

144-4 
'50'4 

.52-6 
151-9 

152-9 

1710 
'65-5 

152-0 
■5  = '5 

a-oi 

-2-6 

-1-7 

-6-4 

-8-0 

+  '.V4 

-60 

+  0-7 

-0-4 

+  5-5 

+  o"5 

Month 

Deer. 

March 

Nov. 
Deer. 

March 

January 

March 

March 

March 

January 

March 

March  mean                Jl  —  oi    —    5-2 
Nov.  and  Dec.  mean       „       —   4-5 
JannaiT                              „        +13-4 

March  mean  n  — oi       +0-3 
January              „          +5-5 

TABLE     XII B. 

Mussooree  to  Nojli . 


NojLi  Eefeaction  Station 

Nojli  Towee  Station 

Serial  No. 

1 

2 

8 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

I 
S 

4 '9 
1-6 

49 
1-6 

4 '9 
t6 

4-6 
16 

4 -'9 
r-6 

49 
1-6 

4 '9 
1-6 

49 

52-7 

4 '9 

52-7 

4-6 

52-7 

4-6 

5.1  •  5 

4-9 

5.1 '5 

4 '9 

5.1 '5 

4-9 

5.1 '5 

I-S 

.^  3 

.3'.^ 

3-?, 

3-0 

33 

3-3 

3' 3 

-47-8 

-47-8 

-48-1 

-48-9 

-486 

-486 

-48-6 

-41  M 
t6-7 
25  •  .1 

dE 

E 

i-a 

2-8 

0          /             // 

-I  42  54-0 
+ I  45  25-6 

2-8 

.65-5 
25 -6 

2-8 

54 '.S 
25-6 

2-6 

6.S-4 
25-6 

2-8 

6.V5 
25-6 

2-8 
44.4 
25 -6 

2-8 
61  -9 
25-6 

-40-7 
23-8 
25 '.^ 

-40-7 

8-6 

25 '.^ 

-40-9 
20  4 
25  3 

-41-6 

3' 3 

^S'3 

-41M 

M-2 

25  M 

-41M 
25  M 

Deduced 
refraction  =n 

a  from  table  XI 

1544 
.41-8 

142-9 

I54-I 
141-4 

144-8 
140-8 

144-9 
i.,8-6 

164  0 
142-0 

146-5 

I.S7-2 

140-8 
'.^5-5 

156-0 
141-8 

144-0 
140-8 

160-4 
'4,V4 

150-8 
140-8 

■65  M 
142-0 

•47  M 
1.17-4 

n— oi 

12-6 

6-6 

12-7 

4-0 

63 

22-0 

9-.^ 

5-.^ 

14-2 

.^■2 

17-0 

lo-o 

2.1  ■  3 

9*9 

Month 

Not. 

April 

Oct. 
Nov. 

April 

March 
April 

Oct. 

April 

April 

Nov. 

April 

Nov. 

March 

Oct. 

April 

ti 
March    and    April    mean    a— a      6-6 
October  and  November  mean    „       15-8 

March    and    April    me 
October  and  November 

March    and    April    mean    n  —  u      7-1 
October  and  November  mean    „       18-2 

an   a-w     e's 

mean  „       17-0 

•This  means  an  observed  depression  of  1'  42'  0"  — 1"-3  =  1°  41'  58" -7. 
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14.  Tliere  are  several  points  to  be  noted  in  the  results  of  tables  XIIA,  XII  B.  From  table 
XIIA  we  see  that  the  values  of  fl  — to  at  Nojii  Tower  are  smaller  and  more  consistent  than  those 
at  Nojli  R.S.  Considering  them  by  season  we  have  remarkable  accordaoce  of  the  March  results 
at  Nojli  Tower,  and  the  mean  value  of  12  — &>  in  this  case  is  +0""3  :  while  at  Nojli  R.S.  the 
accordance  is  fairly  satisfactory  and  the  mean  value  of  fl—o)  is  — 5""2.  In  table  XIIB,  as 
might  be  expected,  there  is  very  little  difference  between  the  results  found  for  Nojli  R.S.  and 
those  for  Nojli  Tower.  Combining  the  two  cases  we  find  the  mean  value  of  fl  — w  determined 
from  March  and  April  observations  is  +6"-8:  while  the  value  from  October  and  November 
observations  is  +\7"'0  Again  in  table  XIIA  we  see  that  the  observations  in  January  yield 
values  of  fl  —  ai  of  +13""4  and  +5""5  at  Nojli  R.S   and  Nojli  Tower  respectively. 

The  conclusions  which  may  be  drawn  are : 

(1).    That  (I)  represents  the  refraction  more  closely  in  the  months  of  March  and  April 

than  it  does  in  January  or  October  and  November. 
(2).  That  in  January  the  refraction  at  Nojli  is  largely  different  from  what  it  is 
in  the  other  months  in  which  we  have  observations  :  but  that  this  abnor- 
mality rapidly  decreases  with  height  above  the  ground  level. 
(3).  That  the  observations  at  Nojli  Tower  are  much  more  accordant  than  those 
at  Nojli  R.  S. ;  and  that  m  very  closely  represents  the  refraction  in  spring 
at  Nojli  Tower. 

It  is  to  be  expected  that  the  adiahatic  gradient  should  be  more  nearly  attained  with  a 
rising  temperature,  such  as  occurs  in  spring,  than  with  a  falling  temperature,  such  as  occurs  in 
autumn.  That  the  spring  results  are  more  nearly  represented  by  w  than  the  other  results,  then, ' 
is  satisfactory.  Just  as  there  is  a  diurnal  change  in  refraction,  with  a  minimum  at  about  2  P.M. 
so  there  is  also  a  seasonal  variation  with  a  minimum  in  the  spring.  Observations  from  Nojli 
Tower  naturally  would  be  expected  to  be  superior  to  those  from  Nojli  R.  S.  :  for  the  Tower  stands 
50  feet  above  the  ground  and  irregularities  of  tlie  temperature  gradient  are  certain  to  be  felt 
much  less  on  this  account.  A  simple  law  of  temperature  which  represents,  in  the  main,  the 
temperature  between  Nojli  and  Mussooree  cannot  be  expected  to  represent  the  temperature  very 
close  to  the  ground,  where  it  is  liable  to  being  disturbed  by  radiation.  This  was  foreseen  wheu 
the  observations  at  two  heights  at  Nojli  were  initiated. 

To  represent  the  refraction  in  the  Nojli  R.  S. — MuSsooree  ray,  it  is  clear  that  some 
temperature  readings  at  several  heights  between  ground  levet  and  50  feet  higher  are  desirable. 
The  facts  that  in  spring  the  values  of  the  refraction  given  by  to — corresponding  to  the  adiahatic 
gradient  of  temperature — satisfy  the  observations  practically  perfectly  at  Nojli  Tower,  while 
they  are  in  defect  by  5" -2  at  Nojli  R.  S.,  show  that  tlie  temperature  gradient  in  the  first  50  feet 
above  the  ground  must  have  been  much  steeper  than  the  adiahatic  gradient ;  which  prevailed  from 
that  height  onwards  for  some  considerable  height.  This  of  course  is  another  fact  which  can  be 
foreseen  by  considering  the  effects  of  the  radiation  of  heat  from  the  hot  earth  in  the  early  afternoon 
when  convection  is  sure  to  be  occurring.  That  the  adiahatic  gradient  did  not  persist  as  far  as 
the  height  of  Mussooree  is  made  clear  by  the  fact  that  the  value  of  o>  at  Mussooree  is  less  thaa 
that  of  fl  by  a  mean  amount  of  6" -8  in  the  spring. 

It  was  not  expected  that  the  adiahatic  gradient  would  often  be  )eached,  as  measure- 
ments of  fall  of  temperature  made  by  baloons  and  kites  do  not  show  this  to  occur.  These 
observations,  however,  have  not  been  made  at  the  time  (say  2  P.M.)  of  minimum  refraction  when 
a  steeper  gradient  is  likely  to  occur  than  what  has  been  observed  at  8  P.M.  Meteorologists 
presumably  wish  to  find  an  average  value  of  the  diurnally  varying  gradient,  and  do  not  in  the 
first  place  wish  to  find  the  maximum  gradient.  On  the  other  hand  refraction  results  may  give 
the  gradient  at  any  instant  in  a  way  which  will  be  useful  to  meteorology. 
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15.     We  will  now  consider  the  Mussooree-Nag  Tiba  observations. 
Mussooree  to  Nag  Tiba. 

J?o  =  3°  12'  0" 


i/o  =  23-3 
Tn    =  459-4  +  60 
=  5I9-4 


'0 


0 


o«3  =   -  0"-44 


//*  =  9915 
/     =  9-886 
^0  =  978-79 
g,  ,=  980-62  t, 

from  which  we  compute 

o&),  =  29" -6 

Nag  Tiba  to  Mussooree. 

hi  =  6930  H, 

I    =  9-886 
g,  =  (978-62) 
gs  =  980-62  f,^    =  60 

from  which  we  compute 

oWi  =  26" -6  o&'j  =    +  0"-41 

The  deduction  of  refraction  is  carried  out  in  table  XIII. 

TABLE     XIII. 


0 


60 


20-9 


Ea=  -  S"  20'  0" 


To    =  459-4  +  60 
=  519-4 


W 


a. 

fe) 

S 

•v 

TJ 

■U 

o 

CO 

X3 

o 

u 

ftj 


»-H 

3 

S 

'a 

*o 

6-0 

•32 

7-0 

•36 

4-5 

•55 

4'7 

■47 

4-.3 

•40 

S'4 

•27 

4-.? 

•41 

6-0 

•20 

S-7 

•3' 

S'o 

-.?.3 

5'2 

•34 

4-3 

-52 

6-0 

•26 

lft? 


+ 


^k 


Mussooree  to  Nag  Tiba. 


April  14  —  10 
April  24,  —  20 
Oct.  18  — Nov.  7 
April  8  —  23 
Oct.  22  —  Nov.  23 
March  9  —  April  21 
October  21-31 
April  6—29 


190G 
1906 
1906 
1907 
1907 
1908 
1908 
1909 


Nag  Tiba  to  Mussooree. 


1 

May  1  —  7 

2 

May  10—15 

3 

April  27  —  May  1 

4 

October  5  —  14 

5 

May  6  —  11 

1906 

190' 

1908 

1908 

1909 


8"  No.  956 

do. 

do. 
12"  No.  Ill 

do. 

8"  No.  956 

8"  No.  1316 

8"  No.  1311 

8"  No.  956 

do. 

do. 
8"  No.  1316 
8"  No.  1311 


23-31 
23-43 
23  -  5° 
23-44 
23-49 
23-48 
23-44 
23-44 

2 1  -  03 
21  '07 
21-04 
21  '00 
broken 


23-22 
23-34 
23-43 
23-37 
23-42 
23  40 

23-37 
23-36 

20-96 

21*01 
20-98 
20-95 
(30-98)* 


684 

73-8 
60 '9 
62-2 

60  •  1 
65-8 

599 
68-3 

64-4 
60-8 

61  -9 

57-0 
65-6 


10-3 

15-3 

3-4 

4-4 

1-8 

7-3 
•■7 
95 

6-2 

2-5 

3-7 

-0-8 

7-2 


--00.15 

+  -001 

+ -0057 

+ -0030 

+  •0052 

+ -0043 
+ -0030 
+ -0026 

+ -0029 
+  -0053 
+ -0038 
+ -0024 
+  -0038 


+ -0396 
+  -0589 
+  •013 
+ -0169 
+ -0069 
+  •028 
+ -0065 
-^ -0.165 

+ -0238 
+ -0096 
+ -0142 
-•C031 
+  •0277 


28-3 
28-1 
29-4 
29-2 

29-S 
28-9 

29-5 
28-6 

26-0 
26-5 

26-3 
26-7 
26-0 


-0-4 

-0-4 
-0-4 

-0-4 
-0-4 

-0-4 
-0-4 
-0-4 

+  0-4 
+  o'4 
+  0-4 
+  0-4 
-t-o-4 


27-9 
27-7 
29-0 
28-8 
29- 1 
28-s 
29-1 
28-2 

26-4 
26-9 

26-7 
27-1 
26-4 


*  Estimated. 


3^ 

As  we  have  no  spirit-levelled  value  of  the  height  of  Nag  Tiba  we  have  only  one  check  on 
our  deduced  refraction — that  the  difference  of  height  of  Nag  Tiba  and  Mussooree  should  be  the 
same  when  deduced  from  observations  at  either  end  :  or,  what  is  the  same  thing,  that 

90°  +  a  +  90°  +  a'  +  X  =  180 

a  +  a'  -\-  X 


that  is  a  +  a'  +  A.  =  0 

To  compute  X  we  have  by  (69) 

log  T^  =  log  c  —  log  7{  +  log  cosee  1" 
and  from  (71)  and  table  IV,  with  A  =  29°  18'  {.see  table  VII),  and  latitude  30°  31' 

R 


(78) 


100 


=  208886  -  517  cos  58°  36' 


=  208886  -  270 
=  208616 
log  X  =  4-71768  +  5-31-*42  -  7-31935 
=  2-71275 
X  =  516"- 1  =  8'36"-l. 

16.     In  tables  XIV  A    and    XIV  B    the  heights  of  instruments   and  of    signals  are  taken 
account  of.     Here  we  have  dE  =  (I—S)  3" -95. 


TABLE     XIV  A. 

Mussooree  to  Naff  Tiha. 


Serial  No. 

1 

2 

3 

4 

5 

6 

7 

8 

/ 

4-'9 

4-2 

4 -'9 
.5-0 

4 '9 
.5-0 

4-6 
5-0 

4 -'6 
.5-0 

4 -'9 
.5-0 

4 -'9 
10-5 

4-9 
5-0 

I-S 

o-'y 

—  o-i 

—  o- 1 

-0-4 

-0-4 

—  o- 1 

-.5-6 

— o-i 

dE 
E 

a'- 8 

3  la    5-1 

45-"7 

-0-4 

9-8 

4.5 -7 

-0-4 
11-9 

4.r7 

-1-6 
12-5 

4.5-7 

-1-6 
17-8 
45-7 

-0-4 
12-5 
4.5-7 

—  22- 1 
43-4 
4.5-7 

-0-4 
11-7 
45-7 

E,  =  E  +  dE  +  ^ 
CO  from  table  XIII 

3  la  53-6 
27-9 

55-1 

27-7 

57-2 
29-0 

56-6 
28-8 

61  -9 

29- 1 

57-8 
28-5 

67-0 
29- 1 

57'o 
28-2 

E,-o) 

0            /            // 

3  12  25-7 

27-4 

28-2 

27-8 

32-8 

29-3 

37-9 

28-8 

Month 

April 

April 

Oct. 

Nov. 

April 

Oct. 

Nov. 

March 
April 

Oct. 

April 

March    and    April    mean        Ec  —  to 
October  and  November  mean  E^  —  w 


3°  12'  28"- 1. 
3°  12'  33" -0. 


Before  taking  the  mean  for  March  and  April  numbers  1  and  2  have  been  combined  as  they 
refer  to  observations  of  the  same  year  [see  table  XIII). 
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TABLE     XIV  B. 

Nag  Tiha  to  Miismoree. 


Serial  No. 

1 

2 

3 

4 

5 

/ 

4-9 
2-5 

4-9 
2-5 

4-9 

2-5 

4*9 

2-5 

4-9 

2-5 

I-S 

2-4 

2-4 

2-4 

2-4 

2-4 

dE 
E 

9'' 5 

—  3^  19  66-0 

" 
-39-5 

9-5 
63-6 

39 -.5 

9-5 
64-4 

39-, 5 

9-5 
51-0 

39-5 

9-5 
62-5 

39-, "5 

E,  =  E^dE-\-h 
(o  from  table  XIII 

-3'  20  36  "0 
26'4 

33  "6 
26-9 

34-4 

26-7 

21  'O 

27-1 

26-4 

E,-m 

—  3°  20  62-4 

60 -5 

6i-i 

48-1 

58-9 

Month 

May 

May 

April 

Oct. 

May 

April  and  May  mean  £,— w         —  3°  21'    0"-7 

October    E,-  <o        -3°20'48"-l 

If  CO  represents  the   actual   refraction  by  (78)   we  should  have 

[E,  -  (o)    from  table  XIVA  +  X  +  (£,  -  w)  from  table  XIVB  =  0, 

and  putting  in  the  values  of  mean  spring  we  get 

3°  12'  28"- 1  +  8'36"-l  -  3°  21'  0"-7 

=  3°  21' 4" -2  -  3°  21'  0"-7 

=  3"- 5 

We  shall  discuss  this  residual  3" -5  later,   in   §§   21,  22,  but  will  first  proceed  with  the 
observations  from  Nag  Tiba  to  Nojli. 


17.     Nag  Tiba  to  Nojli. 
h  =   887 
/     =   55-809 
ff,  =    (978 -62)1 
ff,  =  980-62 
whence  we  compute 


Ho  =   20-90 
To    =   459-4  +  60 
=    519-4 


E„  =    -  2°6'0" 


/o     =   60 


Qft),  =  149-6 


06)0  =    +8-14 


*  Interpolated  value  :  see  table  V. 
t  Exterpolated  value. 
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The  deduction  of  refraction  is  carried  out  in  table  XV. 

TABLE     XV. 

Naff  Tila  to  Nojli. 


4^ 

>-< 

« 

/-^•s. 

^—^ 

■a 

o 

h) 

0 

S' 

1 

■SI.? 

sh' 

r 

.2 

n 

03 

1 
S 

o 
o 
6 

'A 

0) 

t 

o 

o 

■*-> 
o 

C 

J3 

2 

5 

w 

+ 

II 

^i^r 

Sl^' 

+ 

c 

II 
3 

+ 

Y 

II 
1" 

+ 
a 

II 

3 

1* 

May  1—7 

190G 

8"  No.  956 

7 

21  '03 

20-9; 

6.rs 

5 '  * 

•37 

S'4 

'0024 

•0208 

1468 

7*9 

'54-7 

2 

May  1-7 

1906 

do. 

3 

21*03 

20-96 

648 

5-8 

■34 

6-8 

•0029 

•0262 

■46-. 

7-8 

»S3-9 

3» 

May  13 

1907 

do. 

2 

21  MI 

21  '04 

64-2 

S'5 

•29 

S-8 

•0067 

•0223 

'473 

7"9 

'SS-2 

4* 

April  30 

1908 

do. 

1 

21-08 

2 1  •  03 

57-0 

4'3 

•40 

-'■3 

•0062 

-•0050 

•Si"3 

8-3 

i;9-6 

5 

April  30 

1908 

do. 

1 

21 -08 

2 1  •  03 

57'o 

4-3 

■40 

-••3 

•0062 

-•0050 

i5>-3 

8-3 

159-6 

In  table  XVI  the  heights  of  instruments  and  of  signals  are  taken  account  of. 
Here -we  have   dE  =  (/-S)  0"-700. 

TABLE  XVI. 

Ndf/  Tiba  to  Nojli. 


Serial  No. 

1 

2      ■ 

3 

4 

5 

/ 

4-9 

4 -'9 

4'9 

4-9 

4 '9 

S 

.50-3  +  2-4 

1-6 

50-3 +  2 -4 

50-3  +  3-2 

1-6 

I-S 

-47-8 

+   3' 3 

-47-8 

-48-6 

+   3 '3 

(IE 

-33"  5 

+     2'3 

-33-5 

-34'o 

+   2-3 

Correction  for 

distance  to  tower 

-  0-4 

.., 

—  o'4 

-  0-4 

8 

-39-6 

-39-6 

-39 -'6 

-39-6 

-39-6 

E 

-2°  6  i2-"7 

—  2      7    26.2 

-50-2 

-   6-7 

-  5-1 

-41-1 

Ec 

27-5 

20  "2 

19-1 

18-4 

m  from  table  XV 

3  34"7 

33-9 

35-2 

39-6 

39-6 

E,-  to 

—  2  >  9  60-9 

II 

61-4 

5.r4 

.58-7 

58-0 

Month 

May 

May 

May 

April 

April 

May    1906,  mean  E^  —  (o 
May    1907 
April  1908 

Combined  mean 


-  2°  9' 61" -2 
55" -4 
58" -4 

-2°  9' 58" -3 


*  To  Nojli  Tower. 
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In  this  case  we  have  from  table  IV  corresponding  to  a  mean  latitude  30°  14', 

j^  =  208881  -  520  cos  62° 

=  208637 
log  X  =  log  c  —  log  fi  +  log  cosec  1* 
X  =  2913-2 
=  48' 33" -2 

Now  h  =  c(l  +^^  si!i  (a  +  |-)  sec  {a  +  X) 

whence  if  we  assume  that  the  refraction  is  w  and  E^  —  a>  =  a 
we  have         h=  -  c  (1  +  4-8.10-*)  sin  1°  45' 41"-8  sec  1°  21' 25"-2 
or  h=  -  9065-3 

\^.  We  will  next  determine  the  height  of  Nag  Tiba  above  Mussooree  and  for  the  present  will 
suppose  that  the  discrepancy  of  S'^-S  found  at  the  end  of  §  16  is  to  be  distributed  equally  between 
the  two  refraction  angles.  In  doing  this  we  are  not  likely  to  be  in  error  by  as  much  as  1"  as 
will  appear  later  [see  §  24).  This  corresponds  to  about  3  inches  in  height  :  which  in  turn 
corresponds  to  an  error  of  0"-2  in  elevation  of  Nojli.  Then  we  have 
a  =  E,-  (o-  l"-75  =  3°  12'  26"-35 
%  =  8'36"-l 

-4  -  c  (1  +  3-3  X  10-*).    sin  3°  16'  44"-4  sec  3°  21'  2"-4 

=  2991-9 
.-.  the  height  of  Nag  Tiba  above  Nojli  is  2991  -9  +  6084-4  =  9076-3 
But  the  height  we  deduced  from  table  XVI  is  9065-3  which  is  accordingly  too  small  by  11  -0 
feet :  i.e.,  we  computed  the  dip  of  Nojli  from  Nag  Tiba  too  small  by  7" -7.  If  we  have  assigned 
the  true  deflection  to  the  plumb-line  at  Nag  Tiba  this  must  be  the  difference  O  —  <b.  If  on  the 
other  hand  the  assumed  deflection  is  too  large  by  e  in  azimuth  30°  (which  is  roughly  the  azimuth 
of  both  Mussooree  and  Nojli)  we  have  for  the  Nag  Tiba — Nojli  ray 

n  -  o)  -  e  =  7"-7 (79) 

and  in  the  Nag  Tiba— Mussooree  and  reverse  ray 

(fl -«)i  +  (0-ft>)2  -  6  =  3"-5 (80) 

the  suffixes  1  and  2  being  used  to  distinguish  the  two  ends  of  the  ray. 

19.     We  proceed  to  discuss  the  residuals  H  — to  which  have  been  found.     It  will  be  conve- 
nient to  collect  results^  etc.,  in  one  table. 

TABLE     XVII. 

Results  of  spring  observations. 


Tear 

1906 

1907 

1908 

1909                         1 

Kay  from 

Dates 

No. 
o£ 
obs. 

a.1 

012 

tl-a 

Dates 

JSo. 

of 

obs. 

"1 

1B3 

n  —  o) 

Dates 

No. 

of 

obs. 

"i 

a„ 

n-oi 

Dates 

No. 
of 
obs. 

Bj 

a. 

Q-« 

Nojli  Tower 
to  Mussooree 

Mar. 
17-20 

9 

'55  "5 

-.V6 

II 

0-7 

Mar. 
25-28 

9 

// 
1570 

II 

-3-7 

-0-4 

Mar. 
13-16 

6 

'55-' 

-3-6 

M 

0-5 

Mussooree  to 
Nojli 

Ap. 
19-25 

11 

M>-.S 

+  40 

60 

Ap. 
8-20 

24 

1.^5 '9 

4-9 

3-6 

Mar.9 
Ap.21 

24 

II 

•34-9 

4-8 

8-2 

Ap. 
6-16 

85 

132-6 

4-7 

9.6 

* 
Mussooree  to 
Nag  Tiba 

Ap. 
14-26 

14 

28-2 

-0-4 

I 

Ap. 
8-23 

17 

29.2 

-0-4 

. 

Mar.9 
Ap.21 

16 

289 

-0-4 

. 

Ap. 
6-29 

18 

28-6 

-0-4 

. 

* 

Nag  Tiba  to 

Mussooree 

May 
1-7 

14 

26-0 

0-4 

May 
10-15 

14 

26-5 

0-4 

Ap.27 
Mayl 

11 

26'.? 

0-4 

May 
6-11 

10 

26-0 

0-4 

C6-0 

J   +6 

Nag  Tiba  to 
Nojli 

May 
1-7 

10 

'46-5 

7-9 

t 
4'9 

+  € 

May 
13 

2 

147'.? 

7-9 

t 

10-7 

Ap.30 

2 

'S'-.^ 

8 -.3 

t 

7'7 

*  See  also  table  XVIII. 


t  These  figures  contain  an  additional  C'l  which  is  shown  to  bo  necessary  in  §  24. 
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The  brackets  indicate  that  the  sum  o£  the  values  of  fl  —  <d  at  Mussooree  to  Nag  Tiba 
and  at  Nag  Tiba  to  Mussooree  are  given.  If  we  regard  the  observations  at  Mussooree  and  Nag 
Tiba  to  be  sufficiently  close,  iu  point  of  time,  for  us  to  treat  them  as  simultaneous,  we  can 
deduce,  with  the  aid  of  table  III,  values  of  a  and  6  which  will  account  for  the  values  of  fl  —  o) 
given  in  table  XVII.  As  only  two  observatiops  were  taken  from  Nag  Tiba  to  Nojli  in  each  of 
the  years  1907,  1908,  it  is  not  desirable  to  take  these  along  with  the  ten  observations  in  1906 
and  take  a  mean,  as  this  would  imply  the  observations  in  the  several  years  being  of  the  same 
weight.  We  will  accordingly  consider  the  year  1906  alone  in  which  a  fair  number  of  observations 
were  taken  in  the  four  cases,  and  take  the  mean  of  the  years  1907,  1908  together.  The  solutions 
will  enable  us  to  determine  e,  and  so  we  shall  have  a  determination  of  the  plumb-line  deflection 
at  Nag  Tiba. 

20.  We  will  take  fi,/.,,  a,  h  to  refer  to  Mussooree  and  /;',  f,{,  a  ,  h  to  refer  to  Nag  Tiba, 
I  being  treated  as  a  constant.     From  (65)  we  have 

/o  +  b  =f^  (3-38/,  -2-38) 
and  replacing    ^j  by  m  +  1     and/g  by  f  +   1  we  get 

w  4-  d  =  3-38  «2  +  4.38a (81) 

Also  since,  as  may  be  seen  from  end  of  §  20  Chapter  I 

«  —  a' =  2.10-''A^ (82) 

?/  =  w  +   1 -507.10-5  */i         (83) 

21.  The  conditions  that  we  have  to  satisfy  in  1906  at  Mussooree  and  Nag  Tiba  can  at 
once  be  written  down  from  table  XVII. 

131-3M  +  4-6«;  =  6-0 (84) 

28-2m      -0-4t;    +  26-Ot/  +  0-4  y'  =  0-3  +  e  I 

146-5m'  +  7-9i;' =     4-9  +  e  / (^5) 

whence  eliminating  e  from  the  last  pair 

28-2m  -  0-4t>  —  120-5  »'- 7-5  t;'  +  4-6  =  0 (86) 

It  is  possible  to  form  a  biquadratic  equation  for  «,  by  means  of  the  equations  (81),  (83), 
(84),  (86)  :  but  it  is  more  convenient  to  proceed  as  follows  .- 

From  (84)  and  (81)  we  have 

131-3«  +  4-6  (3-38  m2  +  4-38m  _  h)  =  6-0 


whence 


«  =  3-38«2  +  4-38«  +  1^^4?  w  -  — 

4'6  4-6 

*  =  3-38«-  +  32-93M  -  1-304 (87) 

Also  (83)  becomes  for  this  case,  with  h  =  2992 

u'  =  u  +   -0451  b /gg\ 

By  (87)  we  see  that  to  each  value  of  u  there  is  a  corresponding  value  of  b  :  hence  also  of 
V,  u  and  v'. 

ThusifK  =  0  theni=  -1-304  «=+  1-304  «' =  -  -059  v'=  +  1-058 
and  if  M  =  0-1  then  3  =+ 2-023  t>=  —  1-551  «'=  +  -191  v'=—  1-064 
Substituting  in  the  left  hand  side  of  (86)  which  we  denote  by  C,  we  get 
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(1)     when  M  =  0 


C=      -0-4  X  1-304     -  120-5  X  -  -059     -7-5  x  1 -058  -  4'6 
=      -     -52        -r  7-11  -7-94  +  4-6 

=      +  3-25 

(2)  when  u  =   ■! 

C=     28-2x0-1     -  0-4  X  -  1-551  -120-5  x  -191     -7-5  x  -1-064-4-6 

=       2-82                +  0-62           -  23-02                 +7-98  +  4-6 
=      -  7-00 
These  values  of  C  lead  us  to  try  values  of  w,  -  03  and  •  04. 

If    «  =  -03  then  b  =  -  -313     v  =  +  -447     u  =  +  -016     v'  =  +  -384 

and  if     M  =  -04  then  6  =  +  -018     »  =  +  -162     u'  =  +  -041     v'  =  +  -168 
Substituting  we  get 

(3)  when  «  =  -  03 

C=28-2x-03     -0-4  X  -447     -1205  x   -016     -7-5  x  -384  +  4-6 
=       -85  -    -18  -     1-93  -2-88  +4-6 

=  +  0-46 

(4)  when  «  =   -04 

C  =  28-2  X    -04     -0-4  x  -162     -120-5  x     041      -7-5  x  -168  +  4-6 
=     1-13  -    -06  -     4-95  -1-26  +  4-6 

=  -0-54 
Finally 

(5)  if  «  =   -035  then  *  =  -  -148     v  =  +  -305     u   =   -028     v'  =  +   -274 
and  C  =  28-2  x  -035  -  0-4  x  -305   -120-5  x  -028   -7-5  x  -274  +  4-6 

=       -99  -     -12  -     3-37  -2-05  +4-6 

=  +   -05 
We  see  then  that  the  values  (5)  above  satisfy  (84)  and  (86). 
From  the  second  equation  of  (85)  we  have 

e  =  146-5«'  +  7-9i;'  -4-9 

=  4-10  +  2-16  -  4-9 
6  =  l"-36        (89) 

This  is  a  value  determined  from  1906  observations  :  we  proceed  to  make  another  determi- 
nation from  1907,8  observations. 

22.     Taking  mean  figures  for  these  two  years  we  have  the  conditions 

135-4M  +  4-85t;  =  5-90 (90) 

29-05a  -  0-4v  +  26-4«'  +  0-4w'  =  3-85  +  e")  . 

149-3«'  +  8-lt;'  =  9-20  +  6  / ^^^1 

whence 

29-05M  -  0-4j;  -  122-9m'  -  7-7«'  +  5-35  =  0 (92) 

Here  we  have 

A  =  3-38«==  +  4-38«  4-  ^1^  M  -  4^ 

4-8d  4-8o 

A  =  3-38^2  4  32-30«  -  1-217 (93) 

If  M  =  -04  then  b  =  +  -080     v  =  +   -100     u'  =  -044     v'  =  +   -120 
and  if  «  =   -05  then  A  =   +  -405     r  =  -  -178     u   =  -068     v'  =  -  -091 
so  that  if  C  represents  the  left  hand  side  of  (92) 
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we  have 


(1)     if  «  =   -04. 

C  =  29-05  X     04  -  0-4  x   -100  -  122-9  x   -044  -  7-7  x   -120  +  5-35 
=  ri6  -  -04  -  5-41  -  -92  +  5-35 
=   +   -14 
(2)     if  «  =  -05 


C  =  29-05  x  -05  -  0-4  X   -  -178  -  )22-9  x   -068  ~  7-7  x  -  -091  +  5-35 
=  1-45  +  -07  -  8-36  +  -70  +  5-35 
=   -  -79. 

The  solution  here  is     «  =  -0415     corresponding  to  which  we  have 

V  =   +-058     u'  =   -048     v'  =   +   -088 
From  (92)  we  get 

6  =  149-3   X   -048  1-  8-1   X    -088  -  9-20 

=           7-17  +   -71  -  9-20 
e  =  -  l"-32       . (94) 

23.  Our  two  determinations  of  the  plumb-line  deflection   differ  by  2"*  7. 
If  we  compute  e  corresponding  to  cases  (3)  and  (4)  of  §  21 

we  get  when  m  =   ■  03  C  =  +  -  46  e  =   +   •  63 

and  when       7i  =  -04  (7  =  —  -54  e  =   +  2-43. 

We  see  then  that  while  C  changes  by  \",  e  changes  by  l"-8.  Any  error  in  any  of  the 
residuals  O  —  w  appears  in  C:  so  that  if  any  one  angle  of  elevation  is  wrong  by  1",  the  deduced 
value  of  e  will  be  wrong  by  l'''-8. 

To  account  then  for  our  discrepancy  of  2" -7  we  have  only  to  suppose  that  the  combined 
errors  in  the  mean  observations  from  Mussooree  to  Nag  Tiba,  Nag  Tiba  to  Mussooree  and  Nag 
Tiba  to  Nojlij  amounted  to  l"-5  :  that  is  an  average  error  of  0"-5  at  each  station. 

Also  the  observations  at  Mussooree  were  not  made  on  the  same  date  as  the  other  obser- 
vations :  which  may  account  for  small  changes. 

Accordingly  there  is  no  great  reason  for  surprise  at  the  discrepancy  between  our  two 
determinations. 

24.  The  mean  of  the  results  (89)  and  (94)  gives 

6i   =    +  0''-02 
If  we  weight  the  equations  in  proportion  to  the  numbers  of  observations  at  Nag  Tiba  to  Nojli 
we  have 


6, 


=    +  0"-6. 


This  corresponds  to  a  change  of  meridional  deflection  of  amount     0"-6  sec  30°  =  0"-7. 
Taking  the  solutions  we  have  found  in   §§  21,  22   we   can   put   down   the    corresponding 
refractions  in  the  observations  from  Mussooree  to  Nag  Tiba. 
In  1906  we  have  u  =  -035,  v  =  -305. 
.-.       a    =  28-2  (l  +  «)  -  0-4  (l+«)) 

=  27-8  +  1-0  -  1-2  ; 

=  27-6  '. 

In  1907,  1908         «*  =  -042  v  =     -058 

fl  =  29-05  (1+   -042)  -0-4(l+-058) 

=  28-65  +  1-22  -  -02 

=  29-9 
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Hence  deduced  values  of   a  are 
£or  1906  3°  12'  54" -4  -  27* -6 

=  3°  12'  26" -8 
and  for  1907,  1908     3°  12'  57"-2-29''-9 

=  3°  12'  27''-3        , 

The  agreemeut  of  these  results  is  very  good  and  their  weighted  mean  is  3°  12'  27*  "1,  from 
■which  it  appears  that  the  value  we  assumed  in  §  18  was  too  small  by  0"*75.  This  corresponds  to 
a  height  too  low  by0*19foot,  which  in  turn  corresponds  to  a  value  of  H  —  eo,  in  case  of  NagTiba- 
Nojli  ray,  too  small  by  0""13. 

On  this  account  the  values  of  Xl  — w  in  table  XVII  relating  to  Nag  Tiba-Nojli  have  been 
increased  by  0  ■  1,  so  that  the  solutions  for  e  will  stand. 


We  have  from  this  that  the  meridional  deflection  at  Nag  Tiba  is 

32'-0"-7  =  31"-3 


(95) 


While  bearing  in  mind  the  liability  to  error  which  this  result  has,  we  must  remember  also 
that  the  value  given  in  table  V  (32")  was  only  arrived  at  by  interpolation  :  moreover  this  method 
of  interpolation  cannot  be  advocated  for  determining  plumb-line  deflection  in  a  mountainous 
country  where  the  changes  of  deflection  are  extremely  rapid.  The  result  (95)  at  least  bears 
some  relation  to  facts  and  on  this  account  is  to  be  preferred  to  the  interpolated  value. 

We  shall  accordingly  use  the  result  (95)  in  discussing  the  observations  to  the  Snow-Peaks. 

The  final  value  of  the  difference  of  height  of  Nag  Tiba  and  Mussooree  is  2992-1.  We 
will  conclude  this  chapter  with  a  statement  of  results  found. 

Height  of  Mussooree  above  Nojli  R.S.  ...     6084-4  feet 

Nag  Tiba  „  ...     9076-5     „ 

Meridional  component  of  plumb-line  deflection  at  Nag  Tiba  =  31" -3. 


Hay 

a 

I 

Nojli  R.S.  to  Mussooree 

o 

1 

6 

M 

14-2 

15-9 

Nojli  Tower  to  Mussooree 

1 

5 

31-1 

15-9 

Mussooree  to  Nojli  R.S. 

-1 

46 

11-7 

-46-1 

Mussooree  to  Nag  Tiba 

3 

12 

27-1 

+  45-7 

Nag  Tiba  to  Mussooree 

-3 

21 

3-2 

-38-9 

Nag  Tiba  to  Nojli  R.S. 

_o 

10 

6-1 

-38-8 

Dehra  to  Mussooree 

5 

19 

4-1 

39-6 

Mussooree  to  Dehra 

-5 

27 

18-2 

-39-1 
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TABLE    XVIII. 

Results  of  autumn  and  winter  observations  and  of  spring  observation  between  Mussooree  and  Nag  Tiba. 


Year 

1905 

1906 

1907 

1908,1909 

No. 

No. 

1 

No. 

No. 

Bay  from 

Dates 

of 
obs. 

"1 

"2 

fl  — Ol 

Dates 

of 
obs. 

"1 

«.,    n—u 

'    1 

Dates 

of 
obs. 

«,             Cj 

n-o) 

Dalet 

of 

obs. 

«,        (», 

n-« 

Nojli  Tower 

// 

ft 

// 

// 

// 

// 

U 

/f 

"    Jan.* 

// 

« 

» 

to  Mussooree 

... 

... 

... 

... 

... 

... 

... 

... 

... 

... 

... 

28 

6 

169-* 

-4'« 

+  S-5 

Mussooree  to 

Not. 

Oct.  31 

Nov. 

Oet.t 

Nojli 

12 

1 

136-9 

+  49 

12-6 

to 

14 

136-7 

+  4-9 

'3-. 

21, '22 

4 

'.s8-4 

yo 

1 7  0  24^31 

23 

'.n*' 

+  4-9 

11-7 

N0V.7 

Mussooree  to 

Oct.  18 

Oot.M 

Oett 

Nag  Tiba 

... 

... 

... 

... 

... 

to 
Nov.? 

10 

29.4 

-0-4 

I  •  1 

to 
N0V.22 

28 

29 '5 

-0-4 

5" 

21-31 

20 

29*5 

-0-4 

IO-8 

Nag  Tiba  to 

Oet.t 

Mussooree 

... 

... 

... 

... 

... 

... 

... 

... 

... 

... 

... 

5-14 

15 

26-7 

+  0-4 

>S"; 

Year 

1900 

1907 

1908 

1909 

Mussooree 

A  p. 

Ap. 

MBr.9 

A  p. 

to  Nag  Tiba 

14-26 

14 

28i 

-0-4 

-OS 

8-23 

17 

29- 2 

-0-4 

+  0-7 

to 
Ap.21 

Ap.  27 

16 

289 

-0-4   +2-2 

6-29 

18 

286 

-0-4 

••7 

Nag  Tiba  to 

May 

May 

May 

Mussooree 

1-7 

14 

26-0 

+  0-4 

14 

10-15 

14 

26-5 

+  0-4 

.r.1 

to 
Mayl 

11 

26.3 

+  0-4 

2-7 

0-11 

10 

26-0 

+  0-4 

4-9 

•  1909. 


t  1908. 


CHAPTER     III 


The  heights  of  the  snow-peaks  Bandarpunch,  Srikanta, 

Jaonii  and  Kedarnath. 


1.  When  observations  have  been  made  at  any  station  to  two  points  whose  heights  are 
known,  then,  provided  we  have  the  necessary  information  about  plumb-line  deflections,  it  is  pos- 
sible to  compute  the  true  angles  of  elevation  a,  and  so  to  obtain  the  quantity  fl  — m,  as  has 
already  been  done  in  tables  XVII  and  XVIII.     We  can  next  form  two  equations  as  follows  : — 

M&),      +va>o     =fl—  <u"1  ,„„. 

J      ,  -,         o'         •  r  (96) 

M  <a  1    +  f  (»2     =  11  —  to  J  *•      ' 

where     ca^,  a>^,  D,,  co     refer  to  one  ray,  and  the  same  letters  dashed  refer  to  the  other  ray. 

The  solution  of  (96)  gives  the  values  of  u  and  v.  Theoretically  we  can  apply  these  values 
of  M  and  V  to  find  the  refraction  on  any  third  ray.  In  the  case  of  the  observations  taken 
at  Mussooree,  we  can  form  equations  (96)  by  means  of  the  rays  to  Nojli  and  Nag  Tiba,  deter- 
mine the  values  of  m  and  v,  and  then  deduce  the  refraction  in  the  case  of  rays  to  the  snow-peaks. 
Unfortunately,  when  the  actual  numerical  quantities  are  put  in,  it  is  soon  apparent  that  the 
method  is  not  satisfactory  in  this  case.  The  reason  is  mainly  that  the  short  ray  to  Nag  Tiba 
has  very  small  refraction  and  that  the  quantity  fi'  — &>'  must  be  known  with  greater  precision 
than  we  can  determine  it,  otherwise  the  error  introduces  a  quantity  which  is  large  compared  with 
the  refraction.  Both  the  equations  (96)  are  based  on  fallible  measurements.  The  observed 
angles  of  elevation  are  in  error  by  unknown  amounts,  depending  on  the  graduation  errors  of  the 
instrument  and  the  errors  of  intersection.  The  deduction  of  w  depends  on  observations  of  tem- 
perature, pressure  and  humidity.  Errors  in  these  quantities,  especially  in  the  temperature,  give 
rise  to  errors  in  m.  The  temperature  is  supposed  to  be  that  of  the  undisturbed  outer  air:  in  the 
cases  we  are  to  deal  with,  the  temperature  has  been  observed  in  the  observatory  tent.  Moreover 
the  temperature  readings  cannot  be  quite  simultaneous  with  the  observations  of  vertical  angles  to 
several  points,  since  all  have  been  made  by  one  observer  and  temperature  readings  were  not 
repeated  after  each  ray  had  been  observed.  Accordingly  errors  of  3"  or  more  probably  exist  in 
most  of  our  determinations  of  il  —  o).  The  refraction  on  the  Mussooree— Nag  Tiba  ray  is  only 
some  thirty  seconds. 
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In  the  case  of  observations  from  Mussooree  to  Nag  Tiba  a  change  of  one  second 
in  n'-co'  gives  a  very  large  change  in  the  values  of  «  and  v  deduced  from  (96) :  and  the  two  sets  of 
values  of  u  and  v  when  applied  to  the  snow-peak  observations  give  results  differing  by  many 
seconds.  If  we  had  observations  to  two  stations  of  known  heights  which  differed  considerably 
at  distances  of  some  forty  miles,  the  solution  would  be  satisfactory. 

2.  The  method  of  solution  by  (96)  assumes  that  the  temperature  law  may  be  represented 
with  sufficient  accuracy  by  three  terms,  as  on  page  16,  throughout  the  range  of  heights  that  the  rays 
under  consideration  traverse;  but  more  especially  in  the  neighbourhood  of  the  observing  station. 
As  will  be  seen  shortly  [see  table  XXXV)  this  appears  to  be  upheld  by  facts  with  certiiin  restrictions 
as  to  the  hours  of  the  day.  Thus  observations  from  the  plains  about  midday  may  be  corrected  by 
a  method  of  determining  n  and  v  about  to  be  described.  On  the  other  hand  observations  from  the 
hills  in  the  forenoon  seem,  ou  the  whole,  to  be  satisfactorily  explained.  The  reason  of  this  variation 
of  the  suitable  times  for  applying  the  method  is  perhaps  as  follows.  In  the  plains  at  night  the  earth 
chills  the  lower  layers  of  the  air  by  actual  contact  and  conduction  :  the  earth  itself  being  chilled 
by  radiation.  The  result  is  that  in  the  lower  layers  of  the  air  and  to  a  height  to  which  the 
effect  of  diurnal  conduction  reaches,  the  law  of  temperature  is  very  different  from  what  prevails 
higher.  An  inversion  of  temperature  usually  occurs,  that  is  to  say  the  temperature  rises, 
instead  of  falling,  with  height,  up  to  a  certain  height.  This  state  of  tilings  can  liardly  occur] over 
a  mountain.  It  persists  in  the  plains  because  the  cold  air  at  the  bottom  is  prevented  from  sinking, 
as  it  naturally  would,  by  tlie  presence  of  the  fiat  earth.  On  the  mountain  top  there  is  no  obstacle 
to  the  cold  air  sinking  down  the  mountain  side.  Now  the  inversion  of  temperature  is  probably 
most  marked  at  sunrise,  when  its  causes  have  been  in  operation  the  longest  possible  time.  With 
the  rising  of  the  sun,  the  earth  begins  to  be  warmed,  and  the  air  in  contact  with  it  is  warmed  in 
due  course.  As  the  warming  continues  the  lower  strata  of  the  air  become  as  warm  and  then 
warmer  than  the  upper  layers,  and  this  warming  no  doubt  continues  in  some  cases  until  the 
adiabatic  gradient  is  reached  or  exceeded,  when  the  lower  air  rises  and  the  temperature  gradient 
is  modified  by  convection. 

Now  it  is  quite  impossible  that  a  temperature  law  of  so  few  terms  as  we  have  taken  which 
represents  the  general  trend  of  the  temperature  at  considerable  heights,  can  also  represent  a 
discontinuity  or  inversion  near  the  earth's  surface.  On  this  account  we  may  foresee  that  the 
M  and  V  process  of  calculating  refraction  will  not  hold  so  long  as  this  discontintiity  exists.  It  is 
not  at  present  possible  to  say  with  what  accuracy  it  may  be  applied  at  noon  or  2  p.  m.  :  but  figures 
are  given  in  table  XXXV  based  on  observations  at  both  these  hours.  Now  in  the  case  of  the 
observations  from  mountain  tops,  as  we  have  seen,  there  appears  to  be  no  objection  to  using  the 
method  in  the  earlier  hours  of  the  day.  The  observations  np  till  noon  agree  fairlv  well  amon" 
themselves  while  those  which  follow  give  somewhat  difi'erent  results.  It  may  be  that  the  earlier 
observations  give  the  correct  results  while  the  later  ones,  in  the  case  we  are  considering,  are 
vitiated  by  the  fact  that  the  ray  from  which  Ve  derive  a  relation  between  u  and  v,  namelv  the 
ray  down  to  the  plains  at  Nojli,  enters  strata  of  air  considerably  disturbed  by  the  convective 
adjustments  consequent  on  the  heat  radiated  by  the  earth  after  noon. 

3.  Turning  now  to  the  special  cases  of  the  Nojli,  Mussooree  and  Nag  Tiba  observations  we 
are  faced  with  the  fact  that  the  value  of  XI  — &>  determined  by  the  Mussooree-Nag  Tiba  ray  does 
not  give  a  well  conditioned  equation  of  the  form  of  (96).  Further,  in  the  case  of  the  observations 
at  Nojli,  we  have  only  one  condition,  formed  from  the  ray  to  Mussooree,  since  no  observations  were 
taken  to  Nag  Tiba.  Failing  a  better  method,  the  idea  of  the  isothermal  layer  has  been  made  use 
of.     The  isothermal  layer  has  frequently  been   observed   to  occur  iu   Europe  at  heights  varying 
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between  9-6  and  10-9  km*  In  tlie  tropics  there  are  fewer  observations,  but  such  as  have  been 
made  indicate  that  the  layer  is  higher— between  17  and  20  iim.— iu  the  tropics  than  it  is  in  the 
temperate  zones.  I  have  assumed  as  a  working  liypothesis  that  it  always  occurs  at  a  height  of 
35,000  feet  above  Mussooree  i.e.,  41,000  feet  =12-5  km.  above  sea  level. 

The  first  condition  for  an  isothermal   layer  is  'J    =0  at  the  height  of  the  layer.     In  the 
notation  of  Chapter  I 

dh  ~  \dV„  "^    W  /o 

=  -  a  .\0--+  2  b//  \0-^ (97) 

Heuce  if  this  vanishes  at  height  H  we  have 

a  =  2bH.lO-'^ (98) 

Putting  H  =  35,000  we  get  ''>  =   .'Ir (99) 

Now  M  =/j—  1  =  —  '      from  (65) 

whence  for  values  at  Mussooree     a  =   •542  —  I-3",'7  n 

and  b  =  '774  —  \-8[)  //      .     .     . (100) 

We  also  have  from  (81) 

V  =  3-3HU'  +  4-38/'  -  b 

=  3-38?^-  +  6-27//  —   -774 (101) 

making  use  of   (100). 

This   equation    (101)    together  with   one  equation  of  the  form  (96)  suffices   to  determine 
ti  and  V. 

4.  The  selection  of  the  height  of  tiie  isothermal  layer  as  35,000  feet  above  Mussooree 
may  appear  arbitrary.  It  is  known  that  the  height  of  the  isothermal  layer  varies  with  season 
In  Gold's  Report,  p.  104,  the  mean  of  13  European  stations  showed  a  variation  between  9-  1  km. 
in  March  and  119  km.  in  October.  Further  (p.  106  idem)  it  is  pointed  out  that  variations  of  as 
much  as  5  km.  have  been  observed  between  the  heights  on  successive  days.  Yet  the  mean  values 
show  a  remarkable  constancy.  Now  it  can  be  seen  at  once,  with  a  few  computations,  that  the 
effect  of  choosing  the  iieight  40,000  feet  instead  of  35,000  feet  does  not  change  the  deduced 
refraction  appreciably  :  in  the  case  of  the  rays  to  the  snow-peaks  the  change  is  only  0"  G.  If  then 
the  height  assumed  is  correct  to  tiro  or  three  miles,  it  will  be  satisfactory.  The  fault  in  our 
assumption  is  much  more  likely  to  be  that  the  temperature  changes  before  the  isothermal  layer 
is  reached,  are  somewhat  irregular  and  cannot  be  accurately  represented  by  such  a  simple  law  as 
we  have  taken.  We  must  consider  the  equation,  of  which  (101)  is  a  special  case,  as  only  afford- 
ing some  control  over  the  values  of  n  and  v,  and  make  use  of  it  only  when  no  other  means  of 
gettiug  values  of  u  and  v  is  obtainable.  If,  for  instance,  we  had  data  of  the  temperature  gra- 
dient in  latitude  SO''  at  various  bonis  and  seasons,  up  to  height  of  some  20,000  feet,  we  should 
make  use  of  these  in  preference  to  (101).  Such  observations  as  have  been  made  do  not  give 
simultaneous  values  of  the  gradient  at  specified  hours.  The  only  ones  known  to  the  author  are 
those  of  Pieldf.  In  his  report  Field  makes  the  following  statements  with  regard  to  observations 
made  at  Belgaum  : — p.  18  (3) — "The  temperature  gradient  (in  May)  by  day  was  always  above 
"  the  adiabatic  rate  for  unsaturated  air,  and  even  at  night  was  above  it."  P.  20  (3) — "  The  tem- 
"  perature  gradients  (in  August  and  September)  were  considerably  smaller  than  in  May,  and, 
"  except  near  the  surface,  were  always  below  the  adiabatic  gradient  for  unsaturated  air,  even 
"  during  the  hottest  parts  of  rainless  days." 

*  See  Gold,  p.  103,  B.  A.  Keport  1909,  Winnipeg,     t  See  Memoirs  of  the  Meteorological  Department  Vol.  XX  Parts  I,  II,  VII. 
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These  two  extracts  explain  why  we  get  smaller  values  of  fl  — «  in  May  than  we  do  in  tlie 
autumn  {see  tables  XVII  aud  XVIII)  ;  and  agree  with  the  otherwise  observed  fact  that  refrac- 
tion is  less  in  spring  than  in  autumn.  More  observations  of  the  same  kind  would  throw  furtlier 
light  on  refraction. 

5.  The  procedure  followed  is  now  indicated  in  tlie  case  of  the  observations  taken  at 
Mussooree  in  November  1906. 

The  first  step  is  to  form  the  condition 

n  ft>j  +  «'  (Bj  =  fl  —  a) 
at  the  several  hours  of  observation  for  the  ray  to  Nojii.  It  is  hardly  necessary  to  state  that 
the  solution  of  this  equation  and  (101)  can  only  be  applied  to  observations  to  other  points,  iake}i 
at  the  same  time.  We  can  however  select  several  days  on  which  at  a  particular  hour  ol)servations 
were  taken  to  several  of  the  points  with  which  we  arc  dealing.  The  means  of  the  elevations 
temperatures,  etc.,  can  tlien  be  used  as  though  they  represented  a  more  precise  set  of  observations 
than  any  single  set  of  the  actual  observations. 

The  dates  selected  at  the  various  hours  are  given  in  tal)le  XIX.  In  table  XX  the  mean 
values  of  observed  pressure,  temperature  and  humidity  are  shown.  From  these  the  values  of 
tO],  (Uj  given  in  table  XXII  are  computed  and  the  values  of  fi  —  oj  given  in  the  same  table  are 
deduced,  taking  the  true  value  of  a  for  Mussooree  to  Nojli  to  be  —  1^  46'  H"*7  [nee  Chapter  II 
4  24). 

We  can  now  form  the  equations 

13b»-6?<  +  a-Qv  =  251 
136-5«  +  4.-917  =  3+-5 
135-5  «  +  4-«  t;  =  23- 1 
136-7«  +  4-9r  =  J3-6 
Eliminating  v  by  means  of  (101)  we  get  quadratic  equations  giving  the  values  of  n 
root  is  taken  and  then,  by  (102),  the  corresponding  value  of  v  is  found. 

Values  of  u  and  v,  so  deduced,  are  given  in  table  XXI.  With  these  values  we  form  the 
quantities  w  «,  +  v  wc^  or  Vl  —  w  for  the  appropriate  times  for  the  observations  to  the  snow-peaks, 
and  so  arrive  at  the  values  of  a  or  JB^  —  fl  for  these  observations. 

Musnooree  ohserrafionn. 
TABLE  XIX. 
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It  is  to  be  remarked  that  tlie  observations  to  Nojii  R.  S.  and  Nojli  Tower  liavc  been 
combined.  Thus  if  there  vere  observations  to  both  stations  on  any  day,  the  observations  to  the 
Tower  were  reduced  to  terms  of  the  lower  station  by  correcting  for  lieight  of  Tower  and  increasing 
the  depression  by  0"*3  to  take  account  of  tlie  fact  that  the  'lower  station  is  somewliat  fjirther  fjom 
Mussooree  than  tlie  lower  station.  This  done,  tlie  means  of  the  results  reduced  from  Tower 
and  R.S.  on  that  day  gave  a  result  of  improved  piccisimi.  1'lie  means  of  the  results  of  the  several 
days  were  next  taken,  each  day  of  course  being  ticated  as  of  equal  weight. 

So  long  as  the  height  of  the  observed  object  docs  not  change  the  value  of  £r  —  12  should 
be  the  same  by  all  tlie  deductions.  Considering  first  the  case  of  Nag  Tiba,  we  find  values 
liomewhat  different  from  3°  12'  t.''""  1,  the  value  decided  on  in  §'24,  Chapter  II.  Tlie  seconds  of  these 
values  range  from  22""5,  observed  witli  a  12-incli  theodolite  at  12  hours  in  April  1907  to  34""8 
observed  with  an  8-ineh  theodolite  at  14  hours  in  October  1908.  'Ihis  langc  of  12"'3  is  to  be 
considered  as  attributable  to  errors  of  observation  to  Nag  Tiba,  differences  of  graduation  errors  of 
the  various  instruments,  similar  errors  in  the  case  of  the  observations  to  Nojli  on  which  the 
deduction  of  XI  —  w  depends,  as  well  as  any  shortcomings  of  the  nietliods  of  comiiuting  the 
refraction.  The  variation  12''-3  could  well  be  attributed  to  tlie  first  two  cause.",  so  that  it  cannot 
fairly  be  used  as  an  argument  against  the  metliod  of  deducing  the  refraction. 

So  far  as  tlie  observation^  at  Mussooree  are  concerned  we  can  consider  to  what  extent  the 
results — values  of  Ec  —  O,,  or  a, — are  satisfactory  by  coiisidei'ing  the  variation  in  the  angle  a  or 
ill  the  heights  which  aie  dediicible  from  them.  lUii  to  institute  a  c<imparison  with  the  results  of 
the  observations  from  Nag  Tiba  and  Kojli,  it  is  necessary  to  consider  the  deduced  height. 
IJefore  making  these  deductions  the  observations  from  Nag  Tiba  and  Nojli  will  be  consideied. 

6.  Tables,  similar  to  tables  XIX  lo  XXII,  which  refer  to  Nag  Tiba  and  Nojli  are  now 
given  without  further  explanation. 

Naff  Tiba  observations, 

TABLE   XXIIl. 


Hour 

8 

10 

12 

1906  May 

1907  May 

1908  April 

i,-1,7 
'3.'4 

2« 

^7 

2« 

1,6 
'3,'4 

TAliLE   XXIV. 


Hoiir 

8 

10 

12 

// 

t 

■IP 

H 

f 

ti- 

H 

t 

w 

1906  May 

1907  May 

1908  April 

21  '00 

21-oS 

20-9.5 

5^-5 
.53-4 
.5,5  •« 

•.33 
•33 

•37 

21-02 

20-98 

66-0 

62-4 

•2.5 
-.3,5 

21-04 
21-11 

66-5 
63-2 

-32 
•32 

'iWliLE 

XXV. 

Hour 

8 

10 

12 

u 

V 

'II 

V 

« 

V 

1906  May 

1907  May 

1908  April 

•"97 
• '  234 
•'349 

--024 

•004 

-0K8 

•  1 1 10 
-123S 

•086 
006 

-0909 
-0899 

—  •  230 

-  •  23,5 

Mean 

•  1260 

•023 

•"74 

— 

-040 

-0904 

-  •  ^^^ 

TABLE    XXVI. 


51 


l*oiut 
observed 


Hour 

S 


(»2 


Nojii 


8 

10 

-39"-0 

10 

7 

151-2 

145-6 

+  8-3 

+  7-8 

27'    s'-7 

17-a 

2  0  48-2 

60-6 

+  1--9 

15-5 

2  10  6-1 

6-1 

3 

146-2 
-h7-8 
21-7 
61-7 
11-4 
6-1 


Mussooree 


-38-9 


26-9 

+  0-4 

-3  26  Ss'-'s 

-3  20  61-1 

-^3-2 

-3  21    4-3 


3 

101-4 

-6-1 

2  54' 28 -"5 

62  62-2 

12-3 

2  52  39-0 


Bandarpunch 


10        12 


3 
97-6 
-4-8 
29-6 
56-8 


2 
97-4 
-4-8 
28-3 
66-7|2 


I 
11-2 j    9-5 

45-6    46-2 


Srikanta 


8 

10 

^37-(> 

3 

2 

126-1 

121-6 

-6-7 

-6-4 

i  32'-' 1 

»8-8 

331-7 

32-7 

lS-2 

14-0 

3  16-1 

18-7 

2 
121-1 
-5-4 
30-0 
34-3 
12-2 
22-1 


Jaonli 


+34-4 


3  2 

12<-3i  119-7 
-6-3 


2  28  48-2 
16-0 
2  28  33-2 


41-6 
48-1 
13-8 
34-3 


3 
110-4 
-6-2 
41-0 
47-8 
12-3 
36-6 


Kedamnth 


+  31-1 


4 

153-1 

-8-6 

2    7  57'-'4 

2    6  32-9 

18-6 

2    514-4 


2 

147-4 

-8-1 

67-5 

38-2 

17-1 

21-1 

n- 


3  +  4 

163-7 

+  8-4 

27'  e'-'o 

».. 

2  9  47-1 

+  19-0 

2  10  6-1 

2  +  4 
147-7 
+8-0 
19-0 
64-7 
U-4 
6-1 


3 

27-3 

+  0-4 
-3  20  3o'-9 
-3  20  68-6 

+  3-4 
-3  21    2-0 


4 

26-3 

+  0-4 

31-0 

67-7 

2-6 

0-2 


4 

103-0 

-6-2 
2  54  34'-4 
2  52  66-6 

12-7 
2  62  43-9 


3 
99-0 
-4-9 
34-6 
60-4 
10-1 
50-3 


* 

128-2 

-5-8 

5  4l'-'6 

3  39-2 

15-8 

323-4 

s 

123-2 
-6-6 
40-3 
42-6 
12-4 
30-2 


3 
126-4 


2  28  66-7 
16-« 

2  28  41-1 


4 
121-4 
-6-4 
55-2 
60-2 
12-4 
47-8 


3 

15S-6 

-8-8 

0    /      // 
2    7  72-0 

2    6  46-2 

19-2 

2    5260 

3 
149-6 
-8-3 
71 -9 
60-6 
16-4 
36-2 


Ji.: 

ic — w 


4 

151-1 

+  8-3 

-2  7    6-8 

-2  9  45-0 

+  21-1 

-2  106-1 


3 

147-3 

+  7-9 

12-6 

... 

47-8 

18-3 

6-1 

2 

26-9 
+  0-4 

-3  20  ai'-'s 

-3  20  69-1 

+  3-7 

-3  21    2-8 


2 
26-2 
+  0-4 
32-9 
59-6 
3-2 
2-7 


2 

101-3 

-5-1 
2  64  36-1 
2  62  68-9 

13-2 
2  6246-7 


2 
98-7 
-4-9 
38-9 
66-1 
12-2 
52-9 


2 

126-1 

-5-7 
i  44'-'6 
3  44-1 

16-6 
3  27-6 


122-8 
-5-5 
46-7 
48-4 
16-2 
33-2 


2 

124-2 

-B-7 
2  3u  -'.8''9 
2  28  61-4 

16-2 
2  28  46-2 


2 
12M 
-6-4 
68-7 
64-0 
16-0 
49-0 


2 

2 

163-0 

149-1 

-8-6 

-8-2 

2    7  70"  1 

70-4 

2    6  46-7 

49-6 

19-9 

18-4 

2    6  25-8 

3M 

^'oJH  Tower  Observatiotn, 

TABLE  XXVIL 


Hour 

« 

10 

1.2 

14 

ICi 

* 

1906  March 

19 

'9 

19 

•■ 

... 

1907  Mi.rch 

25,  26,  28 

25 

25 

2.5 

25 

1909  January 

... 

o.'i 

28 

28 

62 


TABLE   XXVIII. 


Hour 

8 

10 

12 

14 

164 

H 

t 

w 

H 

t 

w 

H 

t 

w 

H 

t 

w 

H 

t 

IV 

1906  Mar. 

28-93 

59-8 

.65 

28-97 

71-6 

•46 

28-96 

ITA 

-32 

... 

... 

... 

... 

... 

1907  Mar. 

29-05 

64-2 

-68 

29-11 

74-0 

•45 

29-11 

77'2 

-24 

29-07 

78-2 

•24 

29-04 

77 -.2 

•30 

1909  Jan. 

... 

... 

... 

29-30 

49'5 

-86 

29-25 

56-2 

•50 

29-19 

61-5 

-40 

... 

... 

... 

TABLE  XXIX. 


Hour 

8 

10 

12 

14 

161 

w 

V 

■u 

V 

u 

V 

u 

V 

ti 

V 

1906  Mar. 

1907  Mar. 
1909  Jan. 

-4297 
•5228 

3-53 
3'4o 

-1074 
-2580 
•3034 

0-315 
1-II8 

0-46 

•0004 

— -0081 

-0615 

-0-659 
-0-709 
-0-277 

-•0305 
-0234 

-0-845 
-0-522 

•0018 

-0-520 

Mean 

•4763 

2-965 

-3229 

0-631 

-0179 

-0-548 

— -0036 

-c-684 

•oot8 

-0-520 
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7.  For  the  computation  of  lieiglits  values  of  X  are  given  in  table  XXXI :  also  the  angular 
values  in  seconds  of  one  foot,  which  enable  us  to  compute  at  once  changes  of  height  due  to  small 
changes  of  angular  elevation.  The  values  of  X  have  been  computed  with  the  help  of  table  VII 
as  was  done  in  Chapter  II,  §6. 


TABLE    XXXI. 


Values  of   X  and  the  angular  values  of  one  foot. 


Nojli  R.S. 

Mussooree 

Nwg  Tiba 

Bandar- 
punch 

Srikanta 

Jaonii 

Kedarnath 

Nojli  Tower 

... 

/       // 

3957-6 

0-851 

4S  33-4 

0-700 

0  /       /I 

1  2049-5 

0-420 

0        /         a 

1  26  45-0 
0-391 

0     1      ft 

1 24 15-2 
0^403 

0  /       // 

1  30  26-8 

0-375 

Mussooree 

39  57-5 
0-851 

... 

8  36-1 

3-95 

/            // 
4058-8 

// 

0-829 

/       // 
48  10-4 

// 

0-704 

4655-1 

0-723 

0-613 

Nag  Tiba 

/            // 

4«  33-2 

// 

0-700 

8  36- . 
3-95 

... 

/           // 

32    29- I 

1-045 

// 

40     23-0 

0*840 

39  44-6 
0-853 

48  56*  1 

// 
0-692 

8.     The  computations  of  heights,  for  stated  values  of  a,  from  the  formula 
^  =  c  (1  +  A^  sin  (a  +  ^)  sec  (a  +  X) 

which  is  derived  from  (67)  and  (68),  are  given  in  the  next  three  tables.  Log  c  is  taken  from  table 
VII,  and  a  value  of  a  is  selected  in  each  case  which  is  close  to  the  values  obtained  in  tables  XXII, 
XXVI  and  XXX. 


[a)  From  Nojli  Tower. 


Here     h,  =  937  0  feet     and     1  +    T^  =  l-0000i5. 


TABLE  XXXII. 
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Baudarpunch 

Srikanta 

Jaonli 

Kedarnath 

a 
a  +  X 

0         /           // 

2     19     14-8 
2     59     39-5 

0  ,          II 

1  22     30 

2  5     S'^-S 
2     49     15-0 

0  /            // 

1  38       0 

3      20         7-6 

3       2     15-2 

0  /          II 

1  32     30 

2  17      43-4 

3  2       56-8 

log  sill  (a  +  -^ j 
log  sec  (a  +  X) 

.0,(1  +  ^) 

lege 

2-6073922 
0-0005934 
0-0000196 
5-6907758 

"^-5635686 
0-0005365 
0-0000196 
5-7217874 

2-6101266 
0-0006106 
0-0000196 
5-7092623 

T- 6026 1 76 
0-0006153 
0-0000196 
5-7403184 

Sum  =  log  ft 

4-2987810 

4-2859021 

4-3200191 

4-3435709 

h 

19896-7 
937-0 

193I5-3 
937 -o 

20893-9 
937'° 

32058-2 
937-0 

Height  above 
sea-level 

20833-7 

20252-3 

21830-9 

22995-2 

56 


(6)         From  Mussooree. 


K 


Here    h,  =  6084.-4  +  886-7  =  6971  -1  feet    and    1   +   -*-  =  1 -000334.. 


TABLE  XXXIII. 


Bandarpiinch 

Srikanta 

Jaonli 

Kedarnath 

a 
'^+  X 

2  50      30 

3  10     59-4 
3     31     29 

0       /        * 
211      10 

2     35     15-2 

2      59       2D 

0       /        // 

2     35     10 

2  58     37-6 

3  22       5 

0       ,        « 
2     15     20 

2  42     59-2 

3  10     38 

log  sin  f  a  +  ^  j 

log  sec  (a  +  X) 

logc 

^•7445 '34 
0-0008223 
0-0001450 
5-3959167 

7-6546194 

0-0005912 
0-0001450 
5-4667208 

^-7'54770 
0-0007508 
0-0001450 
5-4555308 

'2-6757«55 
0-0006681 

0-0001450 

5-5271726 

Sum  =  log  A 

4-i4'3974 

4" 1220764 

4-1719036 

4-2037012 

A 

13848-3 
6971-1 

13245-7 
6971-1 

14856-1 
6971-1 

15984-6 
6971-1 

Height  above 
sea-level 

20819-4 

202l6-8 

21827-2 

22955-7 
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(e)         From  Naff  Tiba. 

Here    h,  =  9076-5  +  886-7  =  9963  2  feet    and  1  +  4^  =  1-0004775. 


TABLE  XXXIV. 


Peak 

Bandarpunch 

Srikanta 

Jaonli 

Kedarnath 

a 

a  +  X 

O                /                  u 

2  52      40 

3  8    54-6 
3     25       9 

0        /          • 

2         3       20 
2      23      31-0 
2      43      42 

0        /          // 

2     28     30 

2  48     22-3 

3  8     15 

0           1           n 

2      5    20 

2      29      48-1 
2      54      16 

log  sin  [a   {■  ^ j 

log  sec  (a  +  X) 

.og(i.A-) 

logc 

1-7397625 
0-0007738 
0-0002073 
.5- 2951554 

2-6205023 
0-0004926 
0-0002073 
5-3900718 

2-6898215 
0-0006515 
0-0002073 
5-3836287 

1-6391054 
0-0005582 
0-0002073 
5-4742023 

Sum  =  log  A 

4-0358990 

4-0112740 

4-0743090 

4-1140732 

h 

10861-7 
9963-2 

10263-0 
9963-2 

II866-1 

9963-2 

13003-9 
9963-2 

Height  above 
sea-level 

20824- 9 

20226-2 

21829-3 

22967-1 

9.     We  can  now  readily  deduce  the  heights  for  all  the  values  of  E^  —  O.  given  in  tables 

XXII,  XXVI  and  XXX  by  means  of  the   angular   values  of   1  foot  given  in  table  XXXI  and  the 

values  of  height  found  in  tables  XXXII  to  XXXIV.     An  example  will  make  the  process  clear. 

The  selected  value  of  a  in  table  XXXIII  for  Bandarpunch  is  2°  50'  30".     The  value  of  E^- a 

found  for  November  1906  at  8  hours  from   table  XXII  is  2°  50' 33"-2 :  so  that  the  excess  is 

3-2 
da  =  3" -2.     Now  3" -2  corresponds  to  -.^„--    =3-9  feet,   since  0"-829  corresponds  to  1  foot. 

Hence  the  deduced  height  is  20819-4  +  3-9  =  20823-3  feet.  In  table  XXXV  all  the  values  of 
ia  and  the  excess  dh  of  deduced  height  above  the  various  heights  stated  are  given.  Thus  for 
the  case  we  have  just  considered  we  find  the  entries  3" -2  and  23-3  feet. 
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10.  On  inspecting  table  XXXV  the  following  points  are  apparent  regarding  the  heights 
deduced : — 

(a).  From  Nojli.  The  heights  deduced  at  the  earlier  hours  are  much  less  than  those 
deduced  from  the  later  hours ;  and  the  heights  found  from  12  and  14  hours  are  in  fair  agree- 
ment with  the  heights  found  from  Mussooree  and  Nag  Tiba,  due  regard  being  paid  to  the 
extreme  length  of  the  rays.  These  Nojli  heights  are  on  the  whole  a  little  greater  than  the 
Mussooree  and  Nag  Tiba  heights,  a  fact  which  may  be  due  to  their  having  been  observed  earlier 
in  the  year.  This  may  also  account  for  the  January  heights  being  greater  than  the  March 
heights. 

[b) .  From  Nag  Tiba.  The  heights  deduced  from  8  hour  observations  are  distinctly  less 
than  those  deduced  from  12  hour  observations. 

(c).  From  Mussooree.  Here  also  the  8  hour  heights  are  less  than  the  12  hour  heights, 
though  this  is  not  so  marked  as  in  the  case  of  Nag  Tiba.  The  fact  is  brought  out  with  more 
certainty  on  taking  means.  If  this  be  done  for  all  occasions  on  which  observations  were  made  at 
the  three  hours  8,  10,  12,  we  get  the  following  results : — 

TABLE  XXXVI. 


Mean  value  of  dh 
for 

From  observations  at  Mussooree  at 

8  hours 

10  hours 

1 2  hours 

14  hours 

Bandarpunch 

25-6 

23-9 

26-6 

30-7 

Srikanta 

23.7 

22*7 

28-2 

32-0 

Jaonli 

38-5 

38-1 

42-7 

46-8 

Kedarnath 

54-8 

57-5 

59-6 

70-0 

Mean 

35-7 

35-<5 

39-3 

44' 9 

The  last  column  is  found  by  taking  the  mean  of  the  differences  of  the  14  hour  observations 
from  the  mean  of  8,  10,  12  hours,  year  by  year,  and  adding  to  the  general  mean  of  8,  10,  12  hours 
for  each  peak.  The  observations  at  16^  hours  in  October  1908  give  values  of  the  height  believed 
to  be  too  high :  and  the  reason  for  this  is  probably  that  the  lower  air  is  beginning  to  be  cooled 
by  the  earth,  and  the  temperature  gradient  is  accordingly  being  disturbed.  When  the  temperature 
is  falling,  is  the  most  unfavourable  time  for  the  application  of  our  formulse. 

In  the  Nag  Tiba  heights  there  are  too  many  gaps  in  the  observations  to  allow  us 
to  treat  them  in  quite  the  same  way.  We  can  however  take  out  the  mean  diflFerences  of  obser- 
vations at  10  hours  and  12  hours  from  those  at  8  hours  and  then  fill  up  the  gap.  Then  to  Ban- 
darpunch the  two  differences  5 -5  and  6-8  are  found  between  8  and  10  hours.  Of  these  the  mean 
is  6-2  which,  added  to  28*6  gives  34*8.  Again  we  have  the  differences  6-0,  6-2  between  8  hours 
and  12  hours,  giving  a  mean  6-1  which  added  to  30-4  gives  36-5. 
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Proceeding  in  this  way  we  form  the  next  table. 

TABLE  XXXVII. 


Mean  value  of  dA 
for 

From  observations  at 
Nag  Tiba  at 

8  hours 

10  hours 

12  hours 

Bandarpuuch 

27-9 

34- • 

34-0 

Srikanta 

39-1 

33-8 

3^-5 

Jaonii 

40-8 

43-7 

46-1 

Kedarnath 

70- 1 

78-8 

83-4 

Mean 

43-0 

47-6 

50-0 

Excess  over  Mussooree 
determination 

6-3 

I2-0 

IO-7 

Both  tables  XXXVI  and  XXXVII  show  the  same  tendency  for  the  heights  determined  at 
the  later  hours  to  be  greater  than  those  determined  at  the  earlier  hours.  Moreover  the  heights 
determined  from  Nag  Tiba  exceed  those  determined  from  Mussooree  by  a  mean  amount  of  97 
feet.  This  discrepancy  may  be  partly  due  to  an  incorrect  value  in  the  assumed  plumb-line 
deflection  at  Nag  Tiba.  Another  possible  explanation  is  given  later  (s^tf  §13).  It  may  also  be 
due  to  a  true  difference  in  height  on  account  of  snow*. 

11.  The  height  of  a  snow  peak  is  liable  to  change;  increasing  with  deposit  of  fresh  snow 
and  diminishing  when  the  snow  melts,  slides  down  the  hill  side  or  is  blown  away  by  wind.  It  is 
not  to  be  expected  that  the  height  given  by  observation  should  remain  the  same  from  season  to 
season  and  from  year  to  year.  On  the  other  hand  no  figures  appear  to  be  available  showing  the 
amount  by  which  the  height  varies.  This  variation  has  been  masked  by  the  seasonal  variation  of 
refraction :  and  it  is  only  after  the  refraction  has  been  taken  account  of  with  considerable 
precision  that  the  variation  in  actual  height  can  be  discussed. 

The  figures  in  table  XXXV  do  give  some  evidence  as  to  such  a  change.  The  fairly  good 
accordance  between  observations  from  Mussooree  at  the  same  season  but  reduced  from  observations 
at  different  hours,  leads  us  to  suppose  that  the  relative  height  of  the  same  peak  at  various  seasons 
is  fairly  well  established,  provided  we  use  the  observations  taken  at  the  same  hours.  For  the 
observations  at  the  several  hours  appear  to  differ  in  a  regular  manner  when  the  means  of  suflScient 
observations  to  reduce  observation  error  to  a  small  probable  amount  are  taken.  As  will  be 
shown  in  §  13  there  is  some  reason  to  attribute  the  differences  in  height  determined  from 
observations  at  different  hours  to  differences  in  illumination  of  the  peak  observed,  so  that  it  is 
possible  that  the  differences  occurring  in  table  XXXV  at  the  same  season  are  due  to  this  fact 
and  not  to  refraction.     We  will  assume  that  such  is  the  case. 

Consider  then  the  mean  of  the  heights  found  at  8,  10,  12  hours  at  Mussooree  and  Nag 
Tiba  and  the  mean  of  heights  found  at  12  and  14  hours  at  Nojli  at  the  several  seasons. 

*  Dr.  Walter,  Director  General  of  Observatories,  in  a  letter  dated  March  1913  says : — "  In  some  parts  of  the  northern 
Himalayas  apparently  most  of  the  enow  falls  in  April,  but  on  the  N.W.  frontier  most  of  the  snow-fall  is  in  February, 
probably  ". 
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Forming  the  means  of  the  observations  at  8,  ]0,  12  hours  for  Mussooree  and  at  8,  10,  12 
hours  at  Nag  Tiba;  and  at  12,  14  hours  at  Nojli  we  get  the  following  values  arranged  in 
chronological  order : 

TABLE  XXXVIII. 


6 

CG 

Observed 
from 

Date 

Bandarpunch 

Srikanta 

Jaonli 

Kedarnath 

M 

ean 

No.  of  obser- 
vations for 
condition 
HO),  +  vu^  = 
n  — 0) 

No.  of 

obsn. 

Values 
of  dh 

No.  of 
obsn. 

Values 

of  rf/l 

No.  of 
obsn. 

Values 
of  dA 

No.  of 
obsn. 

Values 
of  dh 

No.  of 
obsn. 

to 
peaks 

Values 
of  dh 

1 

Nag  Tib.i 

May   1906 

8 

28O 

7 

2.VI 

8 

34 '4 

6 

66 -y 

29 

38-8 

20 

2 

Jlussooree 

Nov.   1906 

22 

22-6 

2.? 

'95 

22 

:^i'i 

20 

58-3 

87 

.^3-4 

49 

3 

Nojli 

Marcli  1907 

4 

.S9'2 

1 

51    3 

4 

46s 

4 

79'4 

13 

54- > 

5 

4 

Mussooree 

April    lfl07 

15 

24- 1 

i.i 

25-8 

15 

.=;8-3 

12 

61    0 

57 

.^8-3 

40 

5 

Nag  Tiba 

May  1907 

7 

.^2-8 

7 

.U-6 

7 

46-4 

6 

83 -2 

27 

493 

13 

6 

Mussooree 

Nov.   1907 

10 

2.1  ■  .3 

10 

22  3 

7 

.«-8 

10 

56  4 

37 

.?3  9 

'9 

7 

Mussooree 

Mareli    1908 

>S 

19-2 

'.S 

'5-4 

'3 

?,?:'° 

'3 

56-2 

54 

30  9 

29 

8 

Mussooree 

April   1908 

6 

2.=;  4 

6 

22  •  1 

6 

30-8 

6 

58-3 

24 

.14   I 

12 

9 

^!ig  Tiba 

April  1908 

4 

.«-8 

4 

40  3 

4 

50-7 

4 

82-., 

16 

52-0 

7 

10 

Mussooree 

Oct.  1908 

35 

ii'o 

3.^ 

.^6-7 

35 

54 -o 

24 

75-' 

129 

49   7 

56 

U 

Nojli 

Jany.  1909 

4 

486 

4 

59-7 

4 

38  0 

4 

IOO-8 

16 

64-3 

4 

12 

Mussooree 

April  1909 

12 

29  5 

12 

,^2-4 

1  2 

49'° 

I 

68-9 

37 

44'9 

28 

Considering  the  figures  in  the  last  column  we  find  changes  which  in  the  main  could  be 
attributed  to  snow  fall.  Thus  No.  3  is  higher  than  No.  2  on  account  of  winter  snows.  A 
decrease  takes  place  between  Nos.  3  and  4  due  to  melting  of  snow  ia  April.  The  increase  in 
No.  5  may  be  attributed  to  April  snow-fall  alluded  to  at  the  end  of  §  10.  The  same  feature 
occurs  in  Nos.  7,  8,  9.  Nos.  9  and  10  show  a  smaller  decrease  during  the  summer  than 
occurred  between  Nos.  5  and  6  and  the  reality  of  this  is  upheld  by  the  following  Nos.  11,  12,  which 
show  a  maximum  in  January.  It  is  to  be  remarked  that  the  summer  of  1908  was  characterised 
by  a  specially  heavy  rain -fall  during  the  monsoon  at  Mussooree. 

No  douht  January  observations  would  usually  and  rightly  show  a  greater  height  than  those 
of  other  months.     Unfortunately  we  only  have  January  observations  in  the  year  1909. 

The  increased  height  in  October  1908,  January  1909  and  April  1909  is  certainly  the  most 
notable  feature  of  the  variation.  But  even  here  the  change  in  height  is  not  very  large.  It  is  a 
rather  remarkable  fact  that  the  heights  of  the  mean  peak  we  have  deduced  between  May  1906 
and  April  1909  from  three  stations  only  show  a  variation  in  dh  from  30-9  to  64-3  =  33-4  feet. 
Excluding  the  last  winter,  the  range  is  from  30-9  to  54-1  or  23-2  feet.  The  range  in 
Mussooree  values  alone  is  18-8.  All  of  these  ranges  are  considerably  smaller  than  might  well 
have  been  expected,  so  that  there  is  reason  to  suppose  that  the  effects  of  refraction  have  been 
eliminated  satisfactorily.  It  is  to  be  remarked  that  33  feet  only  corresponds  to  an  angular 
change  of  some  13"  in  the  case  of  observations  from  Nojli  to  the  peaks. 
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12.  A  curious  fact  exhibited  by  the  Nojli  results,  is  that  apparently  the  diurnal  change  in 
refraction  is  less  in  absolute  amount  in  the  case  of  the  rays  to  the  snow-peaks  than  it  is  in  the 
case  of  the  ray  to  Mussooree :  notwithstanding  the  fact  that  the  total  refraction  in  the  former 
case  is  at  midday  about  double  that  in  the  latter.  This  is  explained  to  some  extent,  but  not 
completely,  by  the  fact  that  the  rays  to  the  peaks  are  not  so  oblique  to  the  strata  of  the  atmos- 
phere as  the  Mussooree  ray. 

Let  us  denote  by  il  and  fl  +-  dD,  the  refractions  at  different  liours  on  a  certain  ray 
proceeding  to  a  given  height  A  above  observation  station,  and  let  dashed  letters  represent  corres- 
ponding quantities  on  another  ray  proceeding  to  the  mme  height.  Then  if  <^,  ^'  be  the  zenith 
distances  of  these  rays  we  have  from  (G't). 

^    =  /i  <^i    +  /s  '"a 


1  ■  ■ 

Also  by  (63)  since  s  cos  ^  =  ^  is  the  same  for  both  rays 
Hence  by  (103) 

and  since  I  =  h  tan  ^,  we  have  from  (63) 


(103). 


"_!  _ 


Q>o 


f2  tan  rf) 

So  a  =  ksi' 

and  in  the  same  way 

D,  t  dn  =  k  {D.'  +  da') 
80  that  by  subtraction 

dil  =  kdil'         (105). 

If  then  we  know  the  difference  of  refraction  on  one  ray,  we  can  at  once  compute  the 
corresponding  difference  of  refraction  of  another  ray  of  different  inclination  to  vertical,  which 
proceeds  to  the  same  height. 

We  can  apply  tliis  result  to  the  case  of  the  ray  from  Nojli  to  Mussooree  and  of  the  rays 
in  the  direction  of  one  of  the  peaks,  up  to  the  same  height  as  Mussooree.  That  is  to  say,  we 
can  find  what  variation  in  refraction  is  attributable  to  that  portion  of  the  ray  which  does  not 
exceed  the  height  of  Mussooree.  The  Mussooree  and  Nag  Tiba  results  indicate  that  the  diurnal 
change  in  the  portion  of  the  atmosphere  above  Mussooree  is  very  small  compared  with  that  found 
in  the  plains. 

Taking  dH  to  apply  to  Mussooree  and  adding  suffixes  1,  2,  3,  4  to  characterise  the  four 
peaks  we  form  the  following  table :  dO.  being  the  difference  in  values  of  Ec  given  in  table  XXX. 

Now  taking  approximate  values  of  E^  to  nearest  minute  we  compute  the  values  of  k^,  k^,  k^,  k^ 
from  (104),  and  get 


>J,   =  tan  1°  45' 

cot  1°  8'  =  1  •  544 

k^   =   tan  1°  28' 

cot  1°8'  =  1-294 

Aj  =  tan  1°  44' 

cot  1°8'  =  1-530 

A^  =   tan  1°  38' 

cot  1°8'  =  1-441 

With  these  values  we  compute  -yp  also  given  in  table  XXXIX. 
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TABLE  XXXIX. 


Date 

Between  hours 

dn 

dn^ 

dn/k^ 

dn^ 

dil/L^ 

dn. 

dn/k. 

d  n^ 

dn/k^ 

March  1906 

8  and  10 

53-8 

33-9 

34-2 

47-8 

34-5 

March  1907 

8  and  14 
10  and  12 

82-5 
37-2 

47-0 
15-3 

53*4 

24-1 

22"0 

28-7 

19-5 

24-3 

January  1909 

10  and  14 

53  "o 

28-0 

34-3 

19-7 

40-9 

40-9 

34-^ 

30 '3 

36-8 

It  is  seen  that  in  all  cases  except  two  the  value  of  — r-  is  greater  tlian  the  apparent  values 

fC 

of  dill  ^^^-  III  ^^^  higher  part  of  the  ray  the  discrepancy  will  he  increased  seeing  that  although 
little  diurnal  change  occurs  in  the  upper  layers,  yet  the  direction  of  the  ray  entering  these  layers 
has  been  altered  by  the  diurnal  change  in  the  lower  layers,  and  if  the  ray  continues  with  the 
curvature  it  had  at  the  time  of  smaller  refraction,  yet  the  variation  on  the  whole  ray  must  surely 
be  greater  than  that  portion  of  the  variation  arising  from  its  passage  through  the  lower  layers. 

13.  The  apparent  values  of  dCi,^  etc.  seem  to  be  inexplicably  small.  However  it  may  be 
that  ill  taking  tlie  difference  of  E^  at  two  hours  we  have  not  actually  arrived  at  the  variation  in 
the  refraction  li.  This  would  be  the  case  if  a  different  and  lower  point  on  the  peak  was  observed 
at  the  earlier  hour  than  was  done  at  the  later  hour.  Is  it  not  possible  that  this  has  been  done 
owing  to  the  difference  in  illumination  at  the  two  hours  ?  The  idea  of  the  apparent  positions  of 
graduations  of  a  theodolite  as  viewed  by  a  microscope  being  altered  according  as  the  illumination 
is  from  one  side  or  the  other  is  one  well  known  to  users  of  these  instruments.  The  snow-peaks 
we  are  discussing,  as  seen  from  Nojli  lie  between  32°  and  53°  east  of  north.  The  sun  in  March 
rises  in  the  east  almost  behind  them  ;  while  in  the  afternoon  it  shines  on  to  the  faces  directed 
more  or  less  towards  Nojli.  The  actual  numerical  effect  of  this  change  in  illumination,  could 
only  be  determined  if  we  knew  with  some  precision  the  actual  shape  of  the  peaks.  We  only 
know  the  appearance  of  these  peaks  at  distances  of  40  miles  and  upwards,  and  at  that  distance 
gain  no  knowledge  of  the  orientation  and  inclination  of  the  faces  of  the  peaks. 

Another  thing  to  be  considered  is  tliat  the  peaks  are  visible  only  when  they  show  sufficient 
contrast  with  the  back  ground.  In  some  cases  they  are  strongly  illuminated  and  appear  as 
white  objects  against  the  blue  or  grey  sky.  When  the  illumination  is  not  from  overhead  shadows 
are  cast  and  parts  of  the  snow  are  well  illuminated  and  appear  white  while  other  portions  in 
shade,  appear  darker  than  the  back  ground.  In  this  case  probably  there  are  intermediate 
portions  which  are  illuminated  so  as  to  appear  of  the  same  brightness  as  the  back  ground.  Such 
portions  will  not  be  visible  as  distinct  from  the  back  ground..  It  appears  then  that  it  is  possible 
that  portions  of  the  peaks  may  be  lost  in  the  back  ground  under  certain  conditions  of  illumina- 
tion. One  condition  for  visibility  is  that  there  should  be  sufficient  contrast  between  the  hill  and 
the  back  ground. 

In  the  case  of  very  long  rays  a  certain  amount  of  diffused  light  will  come  from  the 
atmosphere  in  front  q/'the  peak.  This  will  tend  to  make  the  peak  fainter  and  more  liable  to  be 
lost  in  the  back  ground.     This  is  suggested  as  a  reason  for  the  fact  that  the  observations  from 
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Nojli  show  smaller  heights  at  the  early  hours  than  those  at  and  after  midday.  The  same  kind 
of  reason  may  cause  the  peaks  to  appear  lower  from  Mussooree  than  they  do  from  Nag  Tiba. 
However  this  question  is  mixed  up  with  that  of  the'  variation  in  height  due  to  snow-fall,  and 
nothing  can  be  said  with  certainty.  It  might  be  studied  if  simultaneous  observations  were  made 
to  the  peaks  from  Mussooree  and  Nag  Tiba. 

14.  As  has  been  mentioned  in  §  2,  it  was  hardly  to  be  expected  that  the  u,  v  method  of 
calculating  the  refractio)i  could  give  entirely  satisfactory  results  in  the  case  of  observations 
from  the  plains.  Yet  it  is  believed  on  the  strength  of  the  results  given  in  table  XXXIX  that 
the  discrepancies  between  the  heiglrts  deduced  from  observations  at  different  hours  from  Nojli 
are  by  no  means  entirely  due  to  failure  to  correct  for  refraction :  and  the  suggestion  made 
in  §  13  seems  to  show  that  there  may  be  consideral)le  uncertainty  as  to  the  point  to  be  inter- 
sected, on  account  of  unsatisfactory  illumination.  At  best  a  distant  snow-peak  is  a  difficult 
object  to  intersect  with  great  precision. 

15.  Enough  has  been  said  to  show  that  the  u,  v  method  of  calculating  refraction  does 
account  for  most  of  the  observations  with  fair  precision;  and  reduces  discrepancies  to  magnitudes 
of  the  same  order  as  the  instrumental  errors.  In  our  formulae  no  notice  has  been  taken  of  the 
effect  of  humidity  on  the  change  of  refractive  index  fi.  The  effect  is  not  a  large  one  hut,  such  as 
it  is,  it  is  taken  into  account  by  the  factors  -u  and  v,  if  these  are  determined  from  observations 
of  rays  to  known  points.  It  appears,  then,  that  it  is  desirable  to  find  means  of  calculating  u  and  v. 
"We  have  already  found  values  of  «  and  v  in  a  way  which  is  not  wholly  satisfactory.  Two  other 
methods  appear  to  be  possible :  (1)  actual  measurements  of  temperature  and  pressure  at  two  or 
more  heights,  (2)  observations  to  celestial  objects  whose  refraction  can  be  determined.  Both  of 
these  methods  have  inherent  difficulties,  and  will  be  considered  later. 
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CHAPTER    IV. 


The  Diurnal  Change  in  Refraction,  and  the  Calculation  of 
Refraction  from  Barometric  Readings. 


1.  Allusion  has  already  been  made  in  Chapter  III  to  the  diurnal  change  in  refraction. 
On  glancing  at  the  values  of  E^  in  tables  XXII,  XXVI  and  XXX  and  taking  account  of  the  sign 
it  is  seen  that  the  diurnal  change  from  Mussooree  and  Nojli  in  general  shows  a  decrease  from 
the  8  hour  value  to  a  minimum  at  14  hours. 

In  the  case  of  Mussooree  the  descending  ray  to  Nojli  shows  this  effect  more  markedly 
than  the  ascending  rays  to  Nag  Tiba  and  the  peaks  :  while  at  Nag  Tiba  the  effect  of  the  change  in 
the  case  of  the  ascending  rays  is  sometimes  to  increase  Ec  as  the  hour  becomes  later.  The  observations 
from  Nojli  show  a  very  much  larger  variation.  The  natural  deduction  is  that  the  diurnal  change 
is  mostly  to  be  attributed  to  the  lower  layers  of  the  atmosphere  and  that  at  heights  above  10,000 
feet  practically  no  such  change  occurs,  or  possibly  a  small  change  occurs  in  the  opposite  direction. 
In  consideration  of  the  formula  for  refraction  these  facts  may  be  accounted  for  by  conceiving  that 
the  lower  layers  of  the  atmosphere  have  a  much  larger  diurnal  change  in  temperature  than  the 
upper  layers  have.  This  is  a  fact  which  is  otherwise  well  established.  It  is  a  question  of 
interest  whether  at  greater  heights  a  state  is  reached  where  the  diurnal  change  in  temperature  is 
practically  nothing.  This  question  can  only  be  answered  by  observation.  An  analogous  case  is 
that  of  underground  temperature.  In  this  case  even  the  annual  change  in  temperature  at  depths 
of  25  feet  at  Dehra  Dun  is  only  one-tenth  of  the  change  in  temperature  of  the  air  as  recorded 
daily  at  4  p.  m.  The  case  of  the  earth  and  the  atmosphere  are  essentially  different  on  account  of 
the  impossibility  of  convective  adjustment  of  temperature  in  the  case  of  the  former,  except  by 
means  of  rain  percolating  through  it. 

2.  In  charts  Nos.  II,  III  the  observed  elevations,  at  various  hours,  of  Mussooree  from 
Nojli  and  of  Bandarpunch  from  Nojli  are  plotted  against  temperature.  Means  of  several  days 
have  been  used  in  each  case,  and  the  same  days  have  been  selected  for  the  several  hours.  On 
joining  up  the  observations  thus  plotted  of  different  hours  of  the  same  season,  a  remarkable 
tendency  of  the  points  to  lie  on  straight  lines  is  apparent.  Further  these  straight  lines  seem  to 
have  nearly  the  same  slope  for  observations  to  one  point.  The  mean  slope  in  the  case  of  the 
observations  to  Mussooree  is  greater  than  the  slope  in  the  case  of  observations  to  Bandarpunch. 
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3.  There  appears  to  be  no  .reason  for  expecting  this  simple  relation  between  diurnal 
change  of  refraction  and  temperature.  If  the  relation  is  truly  a  straight  line  relation  in  the 
case  of  observations  to  both  Mussooree  and  Bandarpunch,  it  seems  to  imply  that  on  any  given 
day  both  u  and  v  must  also  be  related  to  the  temperature  by  a  straight  line  law.  As  has  been 
pointed  out  in  Chapter  III  §  13,  there  is  some  reason  to  believe  that  the  actual  summit  o£ 
Bandarpunch  is  very  likely  invisible  at  the  earlier  hours,  which  renders  this  deduction  from 
chart  III  open  to  question. 

4.  If  we  take  a  set  of  observations  on  the  same  days  at  one  season  for  several  hours  we 
can  find  the  most  probable  straight  line  which  relates  them.  Thus  if  a;  and  y  are  the  arguments, 
the  most  probable  line  is 

y  =  mx  +  c 

subject  to  the  condition  that        'Z  (y  —  mx  —  c)*         shall  be  a  minimum. 

This  gives 

Sar(y  —  was  —  <?)      =      0 

and  2  (y  —  war  —  c)      =     0 

whence  c  =  —  2» %  x  \ 

«  »  I 

^  ^  > (106) 

and  «t  =  (  —  2^  2y  —  %xy\  -^  <  —  (^^J*  —  S**  \ 


where  n  is  the  number  of  points  under  discussion.     This  process  has  been  applied  to  the  various 
observation  quantities,  which  are  now  tabulated. 

Diurnal  Change  : 

Most  probable  linear  relation  between  E^  and  i 

Eo  -  mt  -  c  =  0         (107) 

When  actual  values  are  substituted  we  find  value  of  this  expression  is  AS  —  m  At  where 
AB  and  At  are  the  errors  in  E^  and  t.  We  now  tabulate  observed  values  of  Ec,  i,  deduced  values 
of  m  and  c  for  each  season  and  the  quantities  AE,  assuming  that  At  =  0  and  At  assuming  that 
AS  =  0. 
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TABLE     XL. 

Nojli  R.  S.  to  Mussooree. 


No.  of 

Season 

DaUt 

Hour 

obser- 
Tations 

jp.-rs' 

t 

m 

c 

tiM 

A< 

a 

0 

n 

0 

(        Dec. 
\     1,2,3,4, 
/       5   7  8 

8 

19 

185-8 

49-8 

-4-930 

430-8 

+  0-5 

—  o-i 

Dec. 

10 

14 

98-9 

67-0 

-1-6 

+  0-3 

1905 

12 

13 

58-9 

75-7 

+  1-3 

-0-3 

1              \t ,    1  y  <3 

14 

16 

48-5 

77-5 

—  0-2 

0-0 

I         Mar. 
<       14,15, 

8 

6 

119-3 

65-0 

-4-442 

406*4 

+  1-6 

-0-4 

Mar. 

10 

6 

59-6 

77-0 

-4.8 

+  I-I 

1906 

12 

5 

43*4 

81-5 

—  I  -o 

+  0-2 

14 

7 

41-7 

83-0 

+  4*0 

-0-9 

8 

5 

168-9 

52-2 

-4-81I 

421-4 

-1-3 

+0-3 

Dec. 

3        Dec. 

10 

4 

94-8 

68-9 

+  4-9 

—  I  -0 

1906 

1         4,5 

12 

4 

52-9 

75-7 

-4-3 

+  0-9 

14 

5 

44"9 

78-4 

+  0-7 

—  o-i 

8 

5 

116-4 

.59-7 

-4-321 

372-4 

+  2.0 

-0-5 

Mar. 

3        Mar. 

10 

6 

65-6 

70-5 

—  2-1 

+  0-5 

1907 

1        20,23 

12 

6 

44-8 

74'4 

-6-1 

+  1-4 

14 

4 

42-4 

77-8 

4  6-2 

-1-4 

(         Jan. 
\       16,'-23, 
[         26 

8 

7 

'  172-7 

48-8 

-4-578 

394-4 

+  1-7 

-0-4 

Jan. 

10 

7 

106-1 

62- 1 

-4-0 

-fo-9 

1909 

12 

5 

73'7 

70-0 

—  0-2 

0-0 

14 

8 

66-3 

72-2 

+  2-5 

-0-5 

r 

8 

7 

131-6 

6y6 

-4-034 

388-0 

+  0-3 

0-0 

Mar. 

\         Mar. 

10 

6 

74-1 

77-7 

-0-4 

+  0-1 

1909 

1       9,10,12 

12 

6 

42'5 

86-3 

+  2-7 

-0-7 

- 

14 

6 

38-6 

86-0 

-2-4 

+  0-6 

The  quantities  AE,  A<  are  of  the  order  of  errors  of  observation.  It  is  to  be  remembered 
that  Aa{/^  the  values  given  above  are  sufficient  to  explain  the  discrepancies  provided  that  errors 
both  in  E  and  t  occur  simultaneously.  The  value  of  in  varies  by  some  20° jg,  being  consistently 
lower  in  March  than  in    December  and  January, 
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TABLE     XLI. 

Najli  R.  S.  to  Bandarpunch. 


Season 

Dates 

Hour 

No.  of 
obser- 
vations 

£,-1*44' 

t 

m 

C 

AE 

M 

Nov.  Dec. 
1905 

r  No.,  28, 29, 
\          30 
i  Dec.  1,2,5,7 

8 

10 

12 

lO 
10 
10 

i3i''8 
69-0 
39- J 

0 
50-2 

68-0 

77-0 

-3*469 

305-7 

// 

-  0-4 

-  0-8 
4-   0-6 

0 

+   o-i 

+  0-3 
—    0-3 

Mar. 
1906 

\    Mar.  16 

8 
10 
12 
14 

3 
2 

I 
2 

68-4 
47-2 

20 -3 

6-2 

66-4 
79-2 

83-3 
84-4 

-3-109 

279-0 

-    4-2 

+  14-4 

+  0-3 
-10-4 

+    1-3 

-  4-6 

—  o- 1 

+  3-3 

Dec. 
1906 

^    Dec.  5 

8 
10 
12 
14 

1 

2 
2 

3 

137-7 
75-3 
56-3 
36-4 

52-9 
69-5 
74-5 
78-5 

-3-891 

344-3 

-  0-8 

+  '-4 
+    1-9 

-  2-5 

+   0-2 

-  0-4 

-  0-5 
+   0-6 

Mar. 
1907 

\    Mar.  23 

8 
10 
12 

2 
2 
2 

87-9 

59-1 

42-9 

60-3 
67-6 
72-9 

-3*594 

303-9 

+  0-8 
-  1-8 
+    i-o 

—  0-2 

+   0-5 

-  0-3 

Jan. 
1909 

1 

\    Jan.    23 

8 
10 

12 
14 

2 

2 
2 
2 

127-2 
74-4 

48-3 
48-7 

45"9 
62-6 

70-4 
72-1 

-3-093 

268-7 

+   0-4 

-  0-7 

-  2-7 
+   3-0 

—  o-i 
+  0-2 
+   0-9 

—  i-o 

Here  the  values  of  AE  and  A^  are  much  larger  than  they  were  in  the  case  of  the  obser- 
vations to  Mussooree.  This  is  natural  as  observations  to  a  snow-peak  93  miles  distant  are  ob- 
viously less  precise  than  observations  to  a  helio  at  half  the  distance.  Moreover  the  number  of 
observations  to  the  peak  is  much  smaller  than  the  number  to  Mussooree.  Further  if  the  suggestion 
made  in  Chapter  III  §13  is  correct,  it  is  quite  likely  that  even  though  the  refraction  does  truly 
bear  a  linear  relation  to  the  temperature,  yet  the  effects  of  illumination,  which  are  dependent  on 
the  position  of  the  sun,  are  not  directly  related  to  the  temperature  :  and  this  would  cause  the 
deduced  values  of  AE  and  At  to  be  increased. 
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5.  In  the  case  of  the  observations  to  Mussooree  the  precision  o!  the  linear  relationship 
deduced  is  so  remarkable  that  it  seems  natural  to  suppose  that  it  has  a  physical  reality :  and  there 
seems  to  be  no  reason  to  imagine  that  the  relationship  would  be  of  a  different  type  along  another 
ray.  If  then  we  suppose  that  the  diurnal  change  has  a  linear  relationship  with  the  temperature 
on  two  independent  rays,  we  at  once  see  that  for  this  to  be  the  case  both  u  and  v  must  be  linear 
functions  of  the  temperature  on  a  given  day ;  unless  the  irregularities  of  the  temperature  gra- 
dient are  sufficiently  marked  to  cause  the  expression  weoj  +  vw^  to  fail  to  represent  the  refrac- 
tion. This  is  a  point  which  cannot  be  decided  from  observations  which  are  at  present  available. 
If  observations  were  taken  from  Nojli  to  Mussooree  at  various  hours,  and  simultaneous  readings 
of  the  pressure  and  temperature  were  made  both  at  Nojli  and  Mussooree,  it  would  be  possible 
to  compute  the  refraction  from  the  deduced  value  of  «  and  v  and  so  to  find  whether  the  expres- 
sion wwi  +  vco^  did  represent  the  refraction  with  sufficient  accuracy.  It  would  be  still  better 
if  a  set  of  simultaneous  temperature  readings  could  be  made  by  means  of  kites  or  otherwise. 
The  method  of  finding  u  and  v  from  barometric  observations  is  explained  in  §10. 

6.  If  u  and  v  are  very  nearly  linear  functions  of  the  temperature,  it  at  once  follows  that 
both  -jT  and  j^-  are  also  very  nearly  linear  functions  of  the  temperature.     Hence  we  have 


where  a,  /8  are  constants,  on  any  day. 

,'.     temperature  at  any  height  h,  is 

^,_^+^._  +  _  __     .... 

and  the  difference  of  temperature  from  the  standard  case  represented  by  suffix  zero  is 


(108). 


{t  -  Q  {l  +  ha-V  ~.   /?) 


We  may  express  this  result  by  saying  that  the  difference  in  temperature  at  two  times  at  any 
given  height  Ais  (l  +  ha  +  -x-.  /S)   times   the  difference  in  temperature  at  Nojli  at  the  same 

two  times. 

This  is  a  result  which  very  likely  has  a  good  deal  of  truth  in  the  lower  layers  of  the  atmos- 
phere—those layers  in  fact  from  which  the  main  part  of  the  diurnal  variation  in  refraction  arises. 
It  is  not  at  all  supposed  to  be  true  to  great  heights.  The  result  implies  that  the  daily  maximum 
temperature  occurs  at  the  same  moment  at  all  heights.  It  is  an  observed  fact  that  the  maximum 
temperature  at  Mussooree  usually  occurs  at  least  an  hour  earlier  than  it  does  at  Dehra  Dun  :  but 
the  change  in  temperature  for  several  hours  near  the  time  of  maximum  temperature  is  small. 
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7.  The  observations  from  Mussooree  to  the  peaks  show  a  diurnal  change  of  the  same 
sign  as  those  from  Nojli.  If  we  plot  the  results  against  temperature  it  is  seen  at  ouce  that  the 
variation  is  a  small  one  and  its  relation  to  temperature  is  not  very  noticeable.  The  conclusion  is 
that  it  is  the  layer  of  air  below  the  level  of  Mussooree  which  gives  rise  to  the  bulk  of  the 
diurnal  cliange  in  refraction,  and  that  the  diurnal  change  in  temperature  gradient  at  heighta 
above  Mussooree  is  very  small.  The  Nag  Tiba  observations  show  a  further  diminution  to  have 
occurred  in  diurnal  change  of  temperature  gradient. 

It  is  probable  that  the  determining  factor  in  the  height  to  which  the  diurnal  change  in 
temperature  gradient  is  appreciable,  is  the  height  above  the  plain  or  plateau  and  has  not  much  to 
do  with  absolute  height  above  sea-level. 

8.  We  will  now  pass  ou  to  the  consideration  of  certain  barometric  observations  made 
simultaneously  at  Mussooree  and  at  Dehra  Dun. 

C        2  V 

Referring  to  (16)  we  will  denote  the  quantity  — . -^ — ^  loge  —    bv   Aa-   this    being   an 

go    ff  +  oo  p      ' 

approximate  expression  for  difference  of  heights.     Then  by  (15)  we  have 

-*-0-^-^ ) 


pnd  for  the.preseut  neglecting  the  higher  terms  we  get 

I 

2  0, 


A,A^=6.^-^'.^+^ (109). 


Hence  if  we  have  barometric  and  temperature  observations  at  two  stations  whose  relative  height 
A  is  otherwise  known  we  can  find  A^  by  means  of  (109).  This  in  connection  with  (10)  enables 
us  to  find  A^,  if  we  neglect  the  higher  terms  involving  A^  etc.,  for  we  have 

e^Boil+A^A  +  A,^P)        .     . (110). 

It  is  to  be  noted  in  passing  that  the  quantity  A  —  Aa  occurs  as  an  error  in  the  usual  (Laplace) 
equation  for  barometric  heights. 

Having  calculated  the  height  Aa  corresponding  to  a  given  set  of  values  6  6^  p  pa  it  is  easy 
to  find  the  change  S  A^  in  Aa  corresponding  to  small  changes,  as  h9  in  6  etc.  For  by  logarithmic 
differentiation  we  have 

Ua  _      _  Sgfggp    ,  1  /8po   _  ^P\  ,.,.. 

Aa  ~        e^e,  %     Po^  \po      !>)     ^    ^ 

"  p 

In  both  equations  (109)  and  (111)  since  g  difi'ers  from  ga  by  a  small  amount  (in  the  Dehra- 
Mussooree  case  by  0*03  °/o)  we  can  with  sufficient  accuracy  write  equation  (8)  as 

«  =  7 (112). 
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9.  With  a  view  to  determining  the  quantities  u  and  v  and  so  studying  the  diurnal  change 
in  refraction  observations  of  temperature,  humidity  and  pressure  were  made  in  the  winter  of  1911 
simultaneously  at  Dehra  Dun  and  Mussooree.  The  fact  that  the  formula  (63)  gives  the  refraction 
very  closely  at  2  p.  m.  suggested  that  at  that  time  the  temperature  gradient  must  be  nearly 
adiabatic — or  more  precisely  that  the  gradient  was  much  more  nearly  adiabatic  at  2  p.m.  than  it  was 
at  the  early  hours  in  the  morning.     In  this  case,  neglecting  the  small  variation  of  ^  with  height, 

we  see  by  (61)  that  -rr  is  constant,  whence  it  follows  that  -^  vanishes :  so  it  is  to  be  expec- 
ted that  the  quantity  A^  i'  will  be  a  small  quantity  and  consequently  by  (109)  that  k  —  h^  should 
be  a  small  quantity.  In  other  words  we  see  that  the  error  in  height  deduced  by  the  Laplace 
barometric  formula  or  by  (16)  will  naturally  be  much  smaller  at  the  time  of  minimum  refrac- 
tion than  at  other  times.  This  is  borne  out  by  the  simultaneous  observation  above  referred  to,  of 
which  the  details  will  be  given  shortly.  The  Mussooree  observations  were  begun  at  Abbotsford, 
the  office  of  No.  17  Party,  by  kind  permission  of  Lieut. -Colonel  G.  P.  Lenox  Couyngham,  R.E., 
and  extended  from  12th — 25th  October,  when  the  office  was  closed.  Readings  were  taken  at 
each  of  the  following  hours  : — 10,  12,  13,  14,  15,  16.  In  the  light  of  the  results  found  from  these 
readings  it  appeared  desirable  to  take  further  observations,  including  some  at  hour  8.  Colonel 
W.  J.  Bythell,  R.E.,  Superintendent,  Northern  Circle,  kindly  allowed  this  to  be  done  in  his 
office.  The  Castle,  and  readings  were  taken  at  hours  8,  10,  12,  14,  16  between  dates  20th 
November  and  7th  December  1911. 

A  standard  Fortin  barometer  No.  -^-^  was  first  of  all  compared  with  the  standard  at 
Dehra,  and  then  carried  up  to  Mussooree.  It  was  feared  that  some  air  had  found  its  way  into 
the  tube  on  the  journey  :  and  so  another  barometer  of  a  more  portable  type  was  compared  with 
the  Dehra  standard,  then  taken  to  Mussooree  and  compared  with  the  Fortin,  brought  back  and 
compared  again  with  the  Dehra  standard.  Luckily  this  barometer  stood  the  double  journey 
well  and  showed  no  measurable  change  relative  to  the  Dehra  standard.  The  results  showed  that 
the  Fortin  had  an  error  of  O'^OSl.  Although  this  error  could  no  doubt  have  been  removed,  it 
appeared  best  not  to  attempt  to  alter  it,  but  rather  to  apply  a  correction.  The  height  of  the 
cistern  of  the  Fortin  was  fixed  in  both  its  positions  by  spirit-levelling  and  these  heights  are  given 
in  table  VI.  The  barometer  stations  at  Mussooree  and  Dehra  are  unfortunately  not  intervisible, 
so  that  the  physical  idea  of  a  continuous  air  column  between  the  two  stations  is  not  realised. 

10.  We  now  proceed  to  the  statement  of  the  observations  in  tables  XLII,  XLIIL  The 
pressure  at  any  time  is  /f  +  ^H  and  the  virtual  temperature  t  +  hr,  the  quantities  H,  t  being 
given  at  the  head  of  the  table  and  the  small  increments  hH,  hr  being  given  for  each  case.  This 
is  a  form  suitable  for  use  with  the  approximate  equation  (111). 
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TABLE    XLII. 

DeAra  and  Abbotsford. 


At  Dehra 

At  Mussooree         \ 

At  Dehra 

At  Musgooree       \ 

£■,=27-600;     T„  =  459-4  +  70 

=  529-4 

H  -  23-500; 
T    =  459-4  +  5C 

=  509-4 

J5r„  =  27-500;    T„  -  459-4 -1-  70  = 

=  62D-4 

B  =  23-500; 
T    =  459-4+50 

-609-4 

Bpirit-leTelled  height  of  barometer        1 

Spirit-levelled  1 

eiiibt  of 

Spirit 

-levelled  height  of  barometer         | 

Spirit-levelled  h 

eight  of 

ci6tern2232  8 

barometer  cistern  6682-41 

cistern  2232 

-8 

barometer  cistern  6682 '  4  1 

Date 

Hour 

iM„ 

Humi- 
dity 

«T, 

tH 

Humi- 
dity 

8t 

Date 

Hour 

SB, 

Humi- 
dity 

«T. 

SB 

Humi- 
dity 

Sr 

1911 

1911 

12  Oct. 

10 

+  0-132 

0-69 

+  10-7 

-t-o-149 

0-72 

+  11-4 

20  Oct. 

10 

+  0-254 

0-70 

+   6-6 

+  0-201 

0-88 

+   6-0 

12 

-'1.1 

•57 

13-2 

-130 

•70 

'6-3 

12 

•2.18 

•59 

9-0 

-188 

•86 

7^2 

13 

•092 

■b(> 

14-9 

-103 

-70 

i8-6 

13 

-220 

■60 

100 

•'77 

-84 

81 

14 

-07. 

•52 

14-1 

-091 

-82 

161 

14 

•'97 

•53 

9  9 

•'59 

■80 

10-2 

15 

-065 

'SS 

i6-o 

-080 

•77 

i6'9 

15 

-182 

•59 

9-1 

•141 

•74 

12-9 

16 

-057 

•S9 

»S-7 

•087 

-72 

.6^s 

16 

■'77 

•S6 

IO-8 

■'32 

•79 

80 

18  Oct. 

10 

-ISO 

-70 

99 

•172 

■  72 

'0-5 

21  Oct. 

10 

•3'5 

•75 

61 

•237 

I  -oo 

6-5 

12 

•'3S 

-60 

"5 

•'25 

-70 

14-3 

12 

•281 

-70 

8-4 

■  222 

0  79 

8-7 

13 

■  no 

■54 

11-8 

•III 

■f'3 

16-0 

13 

•258 

•62 

II  -2 

•206 

•78 

"5 

14 

•087 

■43 

•3-7 

•104 

-61 

163 

14 

•2.14 

■63 

II  -2 

•'93 

•85 

9  5 

15 

-076 

-52 

15-2 

•092 

•60 

iS-9 

15 

•216 

•69 

9-4 

■■83 

•89 

92 

16 

•067 

•54 

13-0 

•086 

-64 

14-9 

16 

•205 

•68 

9^4 

•'75 

•89 

9-0 

16  Oct. 

10 

•»>s 

•60 

6-1 

-171 

•60 

7^4 

22  Oct. 

10 

•297 

•74 

S'5 

•  233 

■95 

S^2 

12 

•196 

•47 

IO-8 

•'59 

•54 

I  1  -o 

12 

•271 

•63 

9-1 

•216 

•80 

97 

13 

•176 

•45 

12-1 

•'5' 

■55 

'39 

13 

•240 

•58 

11-2 

•203 

■81 

II   6 

14 

•16., 

•45 

12-2 

•'45 

•SO 

'3  4 

14 

•2o8 

•53 

10-6 

•189 

•75 

11-7 

15 

•1.17 

•5° 

11  6 

•'35 

•5' 

'2-5 

15 

-186 

■55 

I  I  -0 

•172 

•74 

11-9 

16 

-130 

•S8 

12-7 

-123 

•S6 

11-4 

16 

•'75 

•58 

103 

•'59 

•75 

u- 1 

17  Oct. 

10 

•251 

-60 

5^3 

-196 

•66 

6-2 

23  Oct. 

10 

•215 

•70 

?•' 

■'74 

•80 

4-6 

12 

•226 

-s> 

94 

-181 

•60 

io'8 

12 

•>74 

■55 

IO-2 

••5' 

•73 

10-4 

13 

•196 

•SI 

104 

•169 

•58 

"■7 

13 

•'45 

•49 

10-7 

•1.16 

-69 

«2-S 

14 

•167 

•48 

116 

•"55 

•52 

II  -2 

14 

•120 

•47 

"•4 

•123 

•68 

142 

15 

•^53 

•52 

11-7 

•>45 

•53 

"■3 

15 

•096 

•48 

III 

-106 

-67 

11-9 

16 

-146 

•54 

10-9 

•'34 

•58 

10-4 

16 

-087 

•54 

10-7 

-089 

•70 

9-8 

18  Oct. 

10 

•257 

•65 

5'o 

•207 

■6s 

S-2 

24  Oct. 

10 

•076 

•56 

4-0 

•040 

•60 

39 

12 

-242 

•56 

8-6 

•191 

•65 

9-8 

12 

•063 

■48 

7-6 

•027 

•54 

70 

13 

.218 

•50 

9^3 

-176 

•S7 

10-4 

13 

•043 

•50 

9-5 

•014 

■S3 

97 

14 

•206 

•47 

8-7 

•166 

•58 

12-8 

14 

•  026 

•45 

lo-i 

-001 

■57 

IT-7 

15 

-198 

•45 

8-5 

••S7 

•64 

12-7 

15 

'QIC 

•48 

10-3 

—    -007 

-61 

106 

16 

•>9S 

•S3 

9-7 

•'S4 

•64 

"S 

16 

—     '002 

■S3 

8-S 

—    -006 

•58 

8^3 

19  Oct. 

10 

•256 

.64 

49 

•198 

•79 

6-5 

25  Oct. 

10 

■^    -'43 

-62 

4-0 

+     -102 

•70 

5 '3 

12 

•«.is 

•58 

87 

-179 

•69 

8-9 

12 

•130 

•55 

7-4 

•087 

•64 

74 

13 

•212 

•55 

8-1 

■168 

•74 

12-2 

13 

•108 

■S3 

80 

•075 

-60 

92 

14 

•166 

•.58 

•O'S 

•'5' 

•70 

H  9 

14 

•092 

•52 

8-5 

•065 

-63 

11-7 

16 

-,56 

-60 

10-4 

•'35 

-70 

'S   ' 

15 

•087 

■50 

90 

■056 

-60 

»o-5 

16 

.148 

•63 

97 

••3' 

-69 

'2-3 

16 

•08s 

•57 

8-2 

•c6o 

•58 

9-3 
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TABLE    XLIII. 

Behra  and  Castle. 


At  Dehra 

At  Mussooree 

At  Behra 

At  Mussooree        \ 

fl"„  =  27-60O;    T„  =  459-4  +  70  = 

529-4 

H  =  23-500; 
T  =  4o9-4  +  50  =  509-4 

/7o=27-500;    T.  =  459-4  4-  70  = 

529^4 

ff  =  23-500; 
T  =  45944-50 

=  509-4| 

Spirit-lcvclled  lieight  of  barometer 

Spirit-levelled  lieijilit  of 

Spirit-leTelled  lieigbt  of  barometer 

Spirit-levelled  beiplit  of 

cistern  2232-8 

barometer  cistern  6890  4 

cistern  2232  8 

barometer  cistern  0890 '4 

Date 

Hour 

tM, 

Humi- 
diiy 

• 

5t„ 

52Z- 

Humi- 
dity 

8t 

Date 

Hour 

SHo 

Humi- 
dity 

St, 

SH 

Humi- 
dity 

8t 

1911 

1911 

20  Mot. 

]0 

-t-   -.^75 

-89 

— 

'3'3 

+  0'03S 

o'93 

-  6'S 

1  Dec. 

8 

+  0-286 

089 

— 

17^4 

—  0^072 

©•71 

-  6-2 

]2 

•3.19 

•69 

— 

9-2 

-    -008 

-92 

-   49 

10 

•329 

•88 

— 

"23 

-    ^042 

•81 

-   30 

14 

•'8s 

-70 

— 

61 

-    ■°39 

■95 

-   35 

12 

-300 

•75 

— 

8-6 

-    •055 

•87 

—     1^2 

10 

•267 

■66 

~" 

6  8 

-    -048 

-98 

-   .5-8 

14 
16 

■260 
■256 

•7.S 
•78 

— 

80 

-  -075 

-  •08.? 

•92 
•93 

—  2-1 

-  38 

21  Not. 

8 
10 

•229 
-263 

•88 
•81 

: 

17-0 
8-4 

—  -092 

—  -070 

•89 
■9-1 

-  48 

-  4-6 

12 

-226 

-70 

— 

5-.^ 

-      089 

•88 

-    '•7 

4  Dee. 

8 

■300 

•83 

— 

21-4 

-     042 

•67 

-  6-s 

14 

-■58 

•63 

— 

3-6 

-    -129 

•88 

-    '■4 

10 

•3>7 

•48 

— 

"■7 

—    -022 

•65 

-  46 

16 

•140 

64 

— 

33 

-    -144 

•95 

-  "'.'; 

12 
U 

•293 
•245 

•5.i 
■■,' 

_ 

6-9 

4-7 

-  '044 

—  "061 

•68 
•86 

—  12 

-  16 

22  Not. 

8 
10 
12 

•2'.? 
.228 

■  88 
•  82 
•66 

- 

.6-7 
9-0 

5"S 

-  ■  1 06 

-  -085 

-  -OQI 

■67 

•7.i 
•819 

-  6-5 

-  5-3 

-  1-1 

16 

•  224 

•.i4 

5-7 

-     086 

•86 

-   3^7 

14 

-181 

■69 

— 

.■>  0 

-         105 

-95 

-    26 

5  Dec. 

8 

•  ^33 

•92 

— 

24^2 

-    -108 

•59 

-  86 

16 

•166 

■65 

— 

4-6 

—     -  121 

•94 

-   39 

10 
12 

•263 
•23.5 

•65 

'43 
80 

-  -070 

—  -091 

•49 
•44 

-  61 

-  2-9 

23  Not. 

8 

■US 

•86 

— 

17-8 

-     -082 

■54 

-   6  ., 

14 

-182 

■.';4 

— 

69 

—    -112 

•74 

—    2'  I 

10 

•259 

•79 

— 

10-2 

-    -ofii 

•.i4 

-    47 

16 

•174 

■63 

— 

66 

-    -124 

•80 

-  35 

12 

■177 

•7' 

- 

61 

-     -067 

*  7.T 

-    08 

U 

•170 

■.i' 

— 

42 

-    -foS 

•94 

+    02 

16 

■>S4 

•73 

— 

?•' 

-      '3' 

•94 

-   3^7 

6  Dec. 

8 
10 

-246 
■262 

■86 

•72 

— 

23-2 
14-0 

-  -083 

—  -069 

•.=;6 

•68 

-  68 

29  Not. 

8 

•.1>2 

-go 

— 

20-  I 

+      014 

S° 

-    3^9 

12 

•243 

■6j 

— 

7^8 

-    -081 

•75 

+   o-i 

10 

•.1.17 

•81 

— 

IO-8 

-    -014 

•69 

—    2-0 

14 

■"99 

■5° 

- 

6-4 

-    -106 

•76 

-   09 

12 

'3°X 

■70 

— 

82 

-    -027 

■88 

-   06 

Iti 

■'83 

•55 

— 

61 

—    •112 

•;6 

-  4^o 

14 

■252 

-61 

— 

.S-6 

—    ■  060 

•92 

+    0-8 

16 

•223 

•63 

— 

5'5 

-      077 

•7' 

-    09 

7  Dec. 

8 

■233 

•84 

— 

2I-I 

-    -lo.s 

•52 

-  6^o 

30  Not. 

8 

■*.n5 

■80 

— 

l8-4 

—    -069 

-  ;2 

-   3^7 

10 

•258 

•81 

- 

r(> 

-    -068 

-.^8 

-   49 

10 

•274 

•78 

— 

II-4 

-    -054 

•66 

-   0^4 

12 

... 

12 

•239 

-67 

— 

TS 

-    -070 

■80 

+    I  •  1 

14 

•205 

•57 

— 

4^7 

—    •091 

•67 

-t-     IM 

14 

-191 

•61 

— 

4-3 

-    - 102 

•92 

-^  z^s 

16 

... 

... 

16 

•172 

•76 

4-6 

-    -"5 

■94 

-    1-6 
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11.  The  quantities  SH,  St  in  the  last  two  tables  are  rather  larger  than  can  be  allowed  for 
(111)  to  give  accuracy  to  one- tenth  of  a  foot,  and  a  direct  computation  of  Aa  has  accordingly 
been  made.  In  table  XLIV  the  values  of  the  quantity  A^—  A  in  feet  so  deduced  for  the  various 
hours  and  days,  are  given  :  together  with  mean  values  and  probable  errors. 


TABLE     XLIV. 


Hour 

10 

12 

13 

J4 

15 

J6 

Hour 

8 

10 

12 

14 

16 

At  Abhots) 

rord. 

At  Catlle. 

1911 
I2lh  Oct. 

-37"5 

-  .V 

+  24-5 

+   i-?, 

+  21'5 

+    1-9 

1911 

20tli  KoT. 

-49-2 

-   9-0 

-   5  9 

-270 

13th     „ 

-53  7 

+  14-1 

+   9-7 

*   3'5 

+  10-9 

-    4'4 

2l8l        „ 

-ir^ 

-  6-6 

+  6-2 

-  5-5 

-  4-9 

16th     ., 

-•.s» 

+  14  7 

4-21-7 

4- '3-7 

-   7-3 

-    0'4 

22nd    „ 

-S9"3 

-.9-6 

+  12-5 

-22-6 

-229 

17th     „ 

-i6-8 

+  12-5 

+   4-1 

-    61 

-   7-7 

-    87 

23rd     „ 

-59-7 

-294 

... 

-136 

-33-1 

18th     „ 

-29-.^ 

+     9'2 

4-    8-2 

+  15-8 

+  17-2 

+  17  4 

29th     „ 

-104'« 

+   2-5 

+     21 

+   8-2 

-   8-0 

19th     ,. 

-'4-5 

+  12-8 

+  14-4 

+   q'2 

+  18-7 

+   0-3 

30th     „ 

-s.-i-s 

-  81 

+     0'2 

+  10'6 

-'3-4 

20th     „ 

-15-2 

—    I  -o 

+    1-7 

+    8-6 

+  23  3 

4-I4-S 

1st  Deer. 

-29'0 

+  15-9 

+  27-4 

+  98 

-  8-6 

2l8t        „ 

+  3  9 

+   6-3 

+  25C 

4-    7-8 

-   7-2 

-   9-7 

4lh     ., 

-694 

-239 

+  15-1 

-  47 

-'OS 

22nd    „ 

-'7-7 

+  10-6 

+  11*2 

-  6  7 

-  6-5 

-  8-4 

5th     „ 

-80-7 

-39-6 

+   o- 1 

-'93 

-.8-4 

23rd     „ 

-275 

-  3-3 

-  3-9 

-  3-8 

-19  1 

-18-8 

6th     „ 

-84-2 

-36-2 

+  II  •! 

-    '7 

-23-7 

21th     „ 

-24-4 

+    6-2 

+  21'0 

+  303 

4- '94 

-II-4 

7th     „ 

-58-2 

-11-7 

... 

4-  n 

... 

25tli     „ 

-24-0 

+   3-8 

+   6'o 

+  I4'6 

+  i7'i 

+    1-8 

Mean 

-22-7 

+   69 

+  I2'0 

4-   7-S 

+  67 

—   22 

Mean 

-6s-4 

-.8-7 

4    7-3 

-   3-8 

-'?■' 

Range 

S7-6 

180 

29  S 

37-0 

42-4 

36-2 

Kange 

75-6 

651 

36-4 

.13  2 

28a 

Prob.   error 
of  1  obsii. 

9-2 

4  3 

61 

6  8 

9'7 

6-8 

Prob.    error 
of  1  obsn. 

132 

'25 

6-8 

7-? 

60 

Prob.   error 
of  mean 

2-75 

1-28 

1-86 

2-o6 

292 

2-04 

Prob.    error 
of  mean 

4-40 

3-95 

2 -.19 

2-31 

2'OC 

Considering  the  mean  at  each  hour,  it  is  seen  that  the  approximate  height  A,  agrees  mosfc 
closely  with  the  spirit-levelled  height  A  in  the  case  of  deductions  from  observations  at  and  after 
noou.  Here  A„  —  /*  is  a  small  positive  quantity,  while  at  8  hours  and  10  hours  we  find  larger 
negative  quantities.  Moreover  if  we  examine  the  range  of  variation  of  A^—  A  at  the  various 
hours,  it  is  found  to  be  largest  at  the  hours  8  and  10.  In  the  Abbotsford  results  the  range  is 
decidedly  smallest  at  12  hours,  but  in  the  Castle  results  the  actual  smallest  range  is  at  16  hours. 
The  results  indicate  that  the  best  time  for  finding  height  by  barometer  is  between  noon  and 
4  p.  M.  The  probable  errors  of  the  means  of  the  observations  are  also  given  and  from  their 
smallness  it  is  to  be  inferred  that  the  quantity  A,,  differs  from  A  by  amounts  greater  than  which 


n 


is  due  to  observation  error.  The  residual  h^  —  h  should  accordingly  by  (109)  give  a  fairly  good 
value  of  Aij^.  It  will  be  seen  here  that  we  require  to  know  the  zero  corrections  of  both  baro- 
meters with  considerable  precision,  otherwise  a  faulty  value  of  A^  will  be  obtained. 

12.  We  now  proceed  with  the  calculation  of  mean  values  of  A^^  and  A^  corresponding 
to  the  means  of  the  observations  in  the  two  cases  Abbotsford  and  Castle.  For  this  purpose  we 
have  (109)  which  we  write 

^.*'=^^-{>  +  *Gv?-')}  •  •  ■  •  •  •  ("''■ 

and  from  (110)  we  have 

A,h  =  ^7-^  -\  -  A.h^ ,    .     (114). 

To  solve  these  equations  we  require  the  values  of  — ; — ^  and  —  .  —  —  1.     The  former  is 

ft-.  9a      T 

deduciblefrom  table  XLIV  and  the  mean  values  of  To  T  are  deduced  from  tables  XLII,XLIII.    From 

§9  Chap.  II  we  take  approximate  values  g^  =  979-1,  g  =  978-8.     We  also  have  from  (8)  and  (10) 

r=  -"-^  {\  -A^A  +  Ai"-  A^  A^  ...\ 

=  To  ■[  1  -  A^  +  6-2  X  10-«|  k  +  Ai^  -  A^\  k*  ....  I 
whence  at  lower  station  dr  /  ^     .    /.  .-.       ,«"*> 


I- (115). 


Also  ^^' 


dr  f  -\~\ 

^=-ro(^,  ^-6-2x10    )| 

?^  -  1  =  (l  -  -0003  )  ( 1  +  ^^-^^ 


9o 

To-    T 


=   -  -0003  + 

T 

Bearing  in  mind  the  expressions  for  a,  b  given  on  page    15   and  making  use  of  equations 
(81)  and  (83)  we  make  the  computations  now  exhibited  in  tables  XLV,  XLVI. 
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TABLE    XLV. 

Dehra  to  Abhotsford  A  =  4449-6, 


Hour 

10 

12 

13 

14 

15 

16 

H,. 

27-714 

27-692 

27-668 

27-645 

27-630 

27-623 

H 

23-673 

23-655 

23-641 

23-629 

23-616 

23-610 

To   ... 

535*7 

539 -o 

540-0 

540-4 

540-5 

540-2 

T 

516-0 

5'9-5 

521-5 

522-2 

522-0 

520-4 

^    To     J 
ha 

•0379 
-00513 

•0372 
-•00155 

•0352 
— -00269 

•0346 
— -00168 

-0351 
— -00150 

•0377 
•  00050 

A^h^ 

•03136 

-•00947 

— -01642 

— -01025 

—  -  009 1 6 

-  00306 

A^k 

•0065 

-0467 

-0516 

-0449 

-0443 

-0346 

To^l 

-00078 

•00566 

-00626 

•00545 

-00538 

•00420 

ah 

•081 

-569 

•629 

-548 

-541 

-423 

{A^^-A.:j  A« 

-  -03132 

-01165 

-01908 

•01227 

•01 1 12 

— -00186 

i 

^      dh»  "           1-98 

-8-47 

3-'7 

5-20 

3-35 

3-04 

-0-51 

"    521  •*•■'"  •  d/*^ 

-8-71 

+  3-28 

+  5-39 

+  3-47 

+  3-J5 

-0-53 

« 

+  0-347 

—0-020 

—  0-066 

-0^005 

+  0-001 

+  0-090 

«  by  (81)   ... 

+  10  64 

-3-37 

-5-66 

-3-49 

-3-15 

+  0-95 

u     by  (83)  .. 

—0-237 

+  0-200 

+  0-295 

+  0-328 

+  0-212 

+  0-054 

v' 

+  7-86 

—  2-27 

-3-80 

-2-30 

—  2-07 

+  0-78 

77 


TABLE     XLVI. 

Dchra  to  Castle.  h  =  4657-6. 


Hour 

8 

10 

12 

14 

16 

H,        ... 

... 

27-755 

27-789 

27-767 

27-712 

27-694 

H 

23-426 

23-453 

23-438 

23-410 

23-396 

To 

... 

509-7 

518-2 

522-0 

524-0 

523-7 

T 

... 

503-5 

505-1 

508-0 

508-5 

506-2 

JL  1^  _\ 

9o  '   ■'■ 

-0120 

-0256 

•0273 

-0302 

•0343 

A- A, 

ha 

•01424 

-00403 

-  -00157 

-00082 

•00369 

A^h^      ... 

... 

-08595 

-02449 

-  -00955 

•00499 

-02252 

A^h       ... 

-  -0740 

4-  -ooii 

•0369 

-0252 

•0118 

To^l   ... 

... 

—  -00810 

+  -00012 

-00414 

-00283 

-00133 

--^x^« 

—  0-807 

+  0-015 

+  0-417 

+  0-287 

+  0-136 

[A,^  -  A,)  P 

>  •  * 

—  -08047 

-  -02449 

+  -01091 

-  -00435 

-  -02238 

1 

2 

d¥~           2-17 

—  18-90 

-  5-85 

+  2-624 

-  1-050 

-  5-40 

.-^.MO^ 

-  18-49 

-  5-82 

4-  2-629 

-  1-056 

-  5-43 

« 

... 

1  -017 

0-3971 

0-0942 

0-1922 

0-3060 

V     by  (81) 

+  26-44 

+  8-09 

-  2-186 

+  2-023 

+  7-09 

«'  by  (83) 

... 

—  0-2809 

—  0-0114 

4-  0-2788 

4-  0-1181 

-  0-0752 

v' 

+  17-5.3 

+  5-77 

-  1-145 

+  1-620 

+  5-12 

13.  With  the  values  of  u,  v,  u' ,  v'  just  found  together  with  the  mean  temperatures  and 
pressures  we  can  compute  the  refraction  on  tlie  Dchra  Dun-M-assooree  ray.  The  process  is 
precisely  the  same  as  that  used  in  Chapter  II,  so  that  only  the  results  are  now  given.  Unfor- 
tunately we  have  no  simultaneous  measures  of  the  vertical  angles.  Values  of  the  refraction  during 
October  and  November  in  several  other  years  are  available  and  these  are  also  given.  They  have 
been  arrived  at  in  the  same  way  as  was  done  in  tables  X  A,  X  B ;  except  that  in  accordance  with 
§  11  Chapter  II  the  value  of  a  computed  in  §  6  Chapter  II  has  been  increased  by  8".  The  results 
are  now  given  in  tables  XLVII  and  XLVIII  in  which  the  argument  is  the  angle  of  refraction. 
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TABLE     XLVII. 

Behra  to  Mussooree. 


Hour 

v 
> 

o 

8 

10 

12 

14 

16i 

Oct.,  Nov.  1905 
October     1906 
November  1907 
October      1908 

41-3 
36-9 

40-4 

42-6 

// 
33-3 

3°'4 
3i"9 
34-9 

30-6 

27-2 
27- 1 
32-9 

29-3 

28-1 

27-5 
32-8 

35*7 
32-1 

30  "2 

36-7 

Mean 

40*3 

32-6 

29-5 

29-4 

33-7 

October     1911 
Nov.,  Dec.  1911 

13 

s 

o 

47-8 
(70-6-22-8) 

34*3 
(42-6-8-3) 

40-2 

(47-4- 7 -2) 

32-3 

(30-6+I-7) 

37-3 
(36-4  +  0-9) 

32-5 

{30-8  +  I-7) 

37-0 
(39-3-2-3) 

32-4 

(33-8-'-4) 

36-9 
(43-X-6-2) 

TABLE     XLVIII. 

Mussooree  to  Dehra. 


Hour 

8 

10 

12 

14 

16i 

November  1905 
Oct.,  Nov.  1906 
October     1907 
October     1908 

T3 
(U 

> 
0 

38-1 

33*4 
31-1 

39-8 

// 
32-0 

30-6 

30 '3 
36-6 

29-5 

27.7 

26-5 

34-8 

// 
38-4 

27-8 

25-5 
34-1 

30-7 
27-3 
27-1 
35-5 

Mean 

35-6 

32-4 

29*6 

29-0 

30-2 

October      1911 
Nov.,  Dec.  1911 

T3 

a 
0 
0 

(2I-7+13-9) 

28-4 

(32-3  +  6-2) 
34-7 

(29-7  +  5-0) 

33 '5 

(34-4-0-9) 

37-9 
(sS-o-o-i) 

34-0 
(34-9-0-9) 

35-0 
(33-1 +  1-9) 

31-3 

(30- 1  +  1  -2) 
32*1 

(27-6  +  4-5) 

In  the  last  portion  of  each  of  the  two  preceding  tables  the  quantities  included  in  brackets 
are  fij  +  Xij  and  show  the  component  parts  of  the  refraction  angles  computed  by  means  of  the 
values  of  u,  v,  u  ,  v  found  in  tables  XLV  and  XLVI.  In  the  case  of  table  XLVIII  the  actual 
values  observed  at  Abbotsford  and  Castle  have  been  used  as  though  they  had  been  observed 
at  the  Mussooree  refraction  station  which  is  somewhat  higher  than  either  of  the  barometer 
stations  [see  table  VI).  This  is  not  quite  accurate,  but  it  has  only  a  very  small  effect  on  the 
deduced  refraction. 
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]4.  The  figures  obtained  for  1911  cannot  be  expected  to  exactly  hold  for  any  one  of  the 
years  1905  to  1908,  which  show  a  good  deal  of  variation  amongst  themselves.  In  table  XLVII  we 
find  the  results  computed  for  October  1911  lying  within  the  range  of  deduced  values:  while  those 
computed  for  November  and  December  1911  are  in  the  main  some  5"  higher  than  the  highest 
deduced  values,  those  of  1908.  This  fact  is  perhaps  evidence  against  the  correctness  of  having 
increased  the  value  of  a  deduced  from  the  spirit-levelled  values  of  height  by  so  much  as  8",  as  was  done 
in  §  11  Chapter  II.  On  the  other  hand  we  may  suppose  that  the  refraction  computed  is  greater  because 
the  season  is  later,  since  the  computed  refraction  in  October  agrees  well  with  the  deduced  values. 
As  can  be  seen  in  table  XA  there  is  a  distinct  seasonal  change  in  the  refraction,  and  that  found 
in  February  1909  exceeds  that  of  October  1908  by  2"'3.  It  is  possible  that  the  value  in  December 
was  higher  than  either  of  the  values  in  October  or  February.  Moreover  if  we  were  to  increase 
the  deduced  values  at  Dehra  by  8"  we  should  have  to  diminish  those  at  Mussooree :  and  table 
XLVIII  gives  no  evidence  that  the  deduced  values  are  too  large. 

In  addition  to  these  possible  explanations,  we  can  see  by  means  of  equation   (36)   that 

when -::^  is   large,  as  at  8  hours  in  November,  December  1911,  the  two-term  expression  cannot 

always  be  relied  on  to  give  the  refraction :  for  the  third  order  term   now  may  become  important. 
Its   value   however   cannot    be   assigned    unless   we  have  means  of  computing  Y  which  involves 

-jp  :  and  this  cannot  be  done  in  the  present  case. 

The  most  noteworthy  point  of  table  XLVIII  is  that  tlie  computed  diurnal  variation  in 
refraction  shows  a  maximum  instead  of  a  minimum  at  14  and  12  hours  respectively.  This 
state  of  affairs  certainly  did  not  occur  in  the  years  1905-1908,  and  it  seems  improbable  that 
it  actually  occurred  in  191 1.  It  is  more  probably  partially  due  to  faulty  determination  of  u'  and  v 
due  either  to  faulty  pressure  and  temperature  data;  or  to  the  neglecting  of  higher  terms  in  the 
refraction  formula :  or  to  failure  of  the  3  term-temperature  law  to  represent  actual  facts  with 
sufficient  precision.  This  is  no  doubt  one  of  the  difficulties  inherent  in  the  method.  A  tempera- 
ture reading  at  the  surface  may,  owing  to  very  local  influences,  have  an  abnormal  value.  We 
may  have  to  fit  our  law  to  two  abnormal  terminal  values  of  temperature.  In  this  respect  the 
pressure  condition  is  superior  as  really  depending  on  the  integrated  pressure-differences  all  the 
way  between  the  terminal  points.  We  might  perhaps  get  better  results  if  we  measured  our 
temperature  at  some  considerable  distance  above  ground  level.  Of  course  the  best  method  of  all 
would  be  to  obtain  simultaneous  readings  of  temperature  at  a  number  of  heights. 

For  the  present  it  is  thought  that  the  results  exhibited  in  tables  XLVII  and  XLVIII, 
while  not  entirely  upholding  the  refractions  computed  from  the  barometric  readings,  by  no  means 
prove  these  computed  values  to  be  far  wrong.  We  still  have  some  doubt  about  the  values 
deduced  from  vertical  angles  on  account  of  the  difl:'erence  of  height  between  the  spheroid  and 
geoid  :  and,  until  it  is  cleared  up  by  further  observations  of  plumb-line  deflection,  this  doubt  will 
continue.  When  this  has  been  done  it  will  be  desirable  to  test  the  theory  by  simultaneous  obser- 
vations of  temperature,  pressure  and  vertical  angle,  both  at  Mussooree  and  Dehra.  Every  care 
will  have  to  be  taken  to  obtain  temperature  readings  as  little  disturbed  as  possible. 
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CHAPTER    V. 


Celestial  Refraction  and  its  relation  to  Nocturnal  Terrestrial 

Refraction. 


1.  In  the  last  section  of  Chapter  III  the  possibility  of  ddducing  the  terrestrial  refraction 
by  means  of  observations  to  celestial  objects  vras  mentioned.  Up  to  the  present  no  observations 
huve  been  made  with  this  end  in  view,  so  that  the  success^  or  otherwise,  of  the  method  cannot 
yet  bo  stated.  It  i.s  desirable  that  the  method  should  be  tried,  and  so  the  necessary  formulae  will 
now  be  developed,  ready  for  application  as  soon  as  observations  are  available. 

The   formulse  of  Chapter  I  are  adapted  to  terrestrial  refraction.     Similar  foimulse  may 

readily  be  deduced  for  celestial  refraction.     The  essential  difference  of  the  two  refractions  is  that 

A 
whereas  the  terrestrial  refraction  is  BAx  [see  figure  in  §  8  Chapter  I)  the  celestial  refraction  is 

A 
B'  T'  X,  where  B'  is  the  point  where  the  ray  cuts  the  upper  limit  of  the  atmosphere  and  H'  T'  is 

the  tangent  to  the  ray  at  B'.  Owing  to  the  very  great  distance  of  celestial  objects,  with  the  excep- 
tion of  the  moon,  we  are  only  concerned  with  the  direction  the  ray  has  on  leaving  the  atmosphere  : 
for  this  direction  afterwards  remains  unchanged.  A  difficulty  whicii  at  once  arises  is  to  find  the 
height  of  the  atmosphere  from  which  the  appropriate  value  of  s  may  be  derived. 

2.  The  celestial  refraction  accordingly  is  the  value  of  the  angle  yjr,  when  «  is  given  the 
value  it  has  at  the  point  where  the  ray  leaves  the  atmosphere. 

It  is  at  once  clear  that,  in  the  notation  of  Chapter  I, 

s=^ •  <-> 

Denoting  the  reciprocal  of  a  by  fi,  we  have 

""W* (117) 


t  =yj.< 


the  integration  being  taken  from  station  of  observation  up  to  the  limit  of  the  atmosphere. 

Now  iS,  =  --sia^^ (28)  fe 
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hence  we  may  write 


/3,  =  -  7siu  ^ (118) 

(119) 


K  dp        d    ..        . 


where 

by  virtue  of  (21). 

Substituting  for  /3  from  (118)  and  putting  d/t  sec  <ji  for  ds  in  (117)  we  have 

■yjr  =   -JyUn<f>dh (120) 

Now  7  is  clearly  a  function  of  h  [see  (119))  and  (f>  is  given  by  (22)  in  terms  of  its  initial 
value  and /i  and  ^  :  /i  being  a  function  of  A.  Hence  we  can  expand  ytan<j)in  a  series  of 
powers  of  h  as  follows  : — 


7  tan  .^  =  J,  +  -.  A  +  -',  p^-  + 


where 


y  =  il  tan  <^)o 

di   _  fd(ytAii<j>)\ 

dh    ~  \        dh       /q      ^^''• 

the  suffix  zero  indicating  that  initial  values  are  to  be  used,  for  which  /*  =  0. 

3.     From  Chapter  I  §  9  putting  iZ  for  r  +  A  we  have 

•     A.       ^^         J    ■    sin  <i 
-7sm,^  =  ^cos^  +  -^ 


Hence 


d^ 
dh 


=  -  tan^  (7  +  -^j 


Putting    tan  <f>  =  w     we  have  at  once 

J,  =  (1  +  3u^)   («  +  «^)  (7  +  ~y  -  («  +  n')    (; 

-  (I  +  I2it"'  +  nu*)(u  +  7i.^)(y  +  1^' 

+  3(1+3.=)    (-+'^')(7  +  i)(S-7^) 


dy 
dh 


d^u 


(121) 


(122) 


(128) 


I 
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Also  by  Leibnitz's  theorem 


d  (7  tail  rf))  f/7   ,       dw 

dh  dh^^  dh 

d^  (7  tan  <^)   _      (V-<^       ^  du  dy  d~u 

Jl?  ~  '^''  M'  '^  "  dJi'dh  ^  ^  ~df? 

d^  (7  tan  0)    _       d^y  du  d~y  d-u    dy  d^u 

W  ~  ^  W '^      dh' dJi^  '^     dh^' TUi  ^  W 

whence 

r,  AV     (h  <JA       /''  /"    '^-7       «  ^u  dy   ,       d^ti\ 

t=  -  U'^y^ii[''M--''dJj-^\lVw^^^d7rM  +  '^w) 

h^  (      d^y        „du  d-y       „dru  dy  dhi\        ,  1  ■,„^, 

in  which  values  of  -jj,  etc.  are  to  be  substituted  from  (123). 

Now  if  we  put  /?  =  00  in   (123)    we  evidently  arrive  at  the  case  of  an  atmosphere 
arranged  in  plane  strata.     In  such  a  case  the  refraction  may  be  found  at  once,  for  we  have 

fi  sin  <j>  =  sin  (^  +  y^,^ (125) 

by  the  ordinary  law  of  refraction,  i^s  being  the  angle  of  refraction  in  this  case.     It  is  clear  then 
that  the  terms  in   (124)    which  are  independent  of  11  must  amount  to  -f^a,  given  by  (125). 

We  can  accordingly  write 

'?-+•=  -  (•+«■)  [-1-1  +  |{-1  •a  +  '(<'^'-')  (^  +  i)-^i|r)} 

|-l-S-4l(--^»=)(*-i)-i.) 

-(.+...H,5..)(«+^+|,), 

+ ]     •     •  (126)- 

Consider  the  portion  of  this  within  the  square  brackets.     The  part  independent  of  u  is 

^         /27       2  \  ,  y   r3(/7/27        2  \      Sy'       87^       Jf^^.^  ^^^-h^^\ 
"•"IS   •'y  V7i"^  i^"/      I'iX  dh\R^  K')       li        R^        W   •    R' dh     K'      B?     /fU 


14 
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since 


Now 


+      . 


d  log  jH  ,  h  dy     , 

-^^=7,  =  7  +  ^^  + 


/  ^«?  log  /A    =        /*  log  /X    —         /   log  /4  fi^ 

=;     ^  log  n   —  K I  p  dh 

since     log  ^     =     /i— 1     =     -ffp (21)  bis. 

But  ^  log  fi  vanishes  at  both  limits,  h  being  zero  at  lower  limit  and  fi  being  unity  at 
upper  limit.  Also  I  p  dh  ^  ^  -  j  g  p  dh^  where  g,n  is  a  value  of  gravity  at  some  point 
between  the  earth  and  the  limit  of  the  atmosphere. 

/  hd  log  u  =  —  — .  n 

where  11  is  the  atmospheric   pressure.     We  can  finally  write  for  terms  independent  of  w 

3i;"-^{i(^^-?S-  ■  ■  )-^{^^-'n^  ■■■)]  •■(■")■ 

Next  the  coefficient  of  u-  is 

+  .  .  . 


the  average  value  oi -jy-  all  along  the  curve    is    —  ■  7    :  so  that     /i is      of     the     order 
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4.     In  (127)    and     (128)    it  is    to  be  noted  that  the  terms   involving  //  j,-  are  of   impor- 
tance compared  with  7.     For   supposing  7  to  vanish  at  the  limit  of  the  atmosphere,  we  see  that 

dy 

I   oil    oi«,.™  +i,„   ^.— „^    ;„   — ,^        :  so  that     h 

r      k  7 

=  — — r-(where  h  is   the  coefficient  of   horizontal  refraction)    which  is  greater   than  unity 

in  practically  all  cases.  The  presumption  is  that  the  higher  terms  are  also  larger  and  so  the 
expressions  occurring  in  (127)  and  (128)  cannot  be  considered  to  be  fully  represented  by  the  terms 
written  down.  We  can  write  an  expression  for  the  refraction  in  the  form  replacing  R  by  its 
initial  value 

•f  =  1^,  -  tan  ^  sec=0  ——.  D  +  -^    tan  0  sec  =0  -Tp  +  Q  tan  =^  +    .  .  .  |  .  .■  (129) 

where   P.    Q,    etc.,    are    functions    of  7,  -^  etc.,  but  we  cannot  say  what  these  functions 
are,  though  theoretically  any  number  of  terms  may  be  written  down. 

From  the  point   of  view   of  determining  7,  -~  etc.   the   equation    (129)    is   useless.     It 

shows,  however,  the  nature  of  celestial  refraction,  and  the  reason  that  celestial  refraction 
maintains   a    much   greater  constancy  than  terrestrial  refraction.     For  we  see  that  the  principal 

terms   of  the  refraction  are  independent  of  7,  -^'-  etc.    The  quantities  P  and  Q  are  small  and  only 

have  significance  when  their  multipliers  are  large,  i.e.  when  ^  exceeds  80°.  Up  to  this  point 
the  refraction  as  given  by  Bessel  is  very  closely  represented  by 

■^  %  ^„  -  tan  0  sec*  <^  — .  n  (130). 

as  is  indicated  in  table  XLIX. 

We  will  first  evaluate  — -.  n.    In  the  first  place  if  we  treat  g  as  not  varying  appreciably 


with  height 


^=(;._1)E=(^_1)^ 

9  ^      '  99 


where  H  is  the  height  of  the  hypothetical  homogeneous  atmosphere  of  density  p  whose  pressure 
at  the  lowest  point  is  11.  Bessel^s  tables  are  constructed  for  the  case  of  temperature  50°  F.  and 
pressure  30  inches  of  mercury:  to  which  corresponds  the  value  000283  of  /i— 1.  Now  the 
weight  of  1  c.c.  of  air  at  0°  C.  and  760  m.m.  is  10-^  x  1-2928  gm:  and  for  50°  F.  and  30" 
it  is  accordingly  10—^  x  1"2504!  gm.     The  weight  of  a  column  of  mercury  30"  high   at  freezing 

point  is  30  x  254  x  13-596  =  1035.  gm.  Hence  H  =  ^^  a^^"  o-n  =  8280  kms.  Hence 
^  10"''  X  12o0 

^^.  H  =  3-83  X  10-^  X  8-280  ^  ^.^^  ^  ^^.^   ^^^-      t^emean  radius  of  the  earth  as  6371  kms. 

This  is  an  angle  expressed  in  radians  :  to  turn  it  into  seconds  we  multiply  by  2063  x  10^  and 
get  0"-0759. 
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Table  XLIX,  next  given,  explains  itself. 


TABLE    XLIX. 


* 

I 

^a  from  (125) 

IX 

0"'07o9taniJ)3ee'-(^ 

I  -  II  =  in 

Bessel's  refraction 

IV -III 

45 

58-4 

// 
o- 1 

58-3 

58-2 

—  o- 1 

60 

1      41-2 

o'o 

I     40-7 

\     40-6 

—  o-i 

70 

2     40 -6 

1-7 

2    38-9 

2     38-8 

—  o-i 

75 

3     38-3 

4-3 

3     34-0 

3     34-1 

+     O-I 

80 

5    32-8 

M-3 

5     i8-5 

5     19-2 

0-7 

83 

8       o-o 

41-7 

7     i8-3 

7     23-9 

5-6 

85 

II       20'0 

2     35-8 

9     25-0 

9     52 

27 

86 

T4     20-5 

3     43-0 

10    37-5 

II     46 

68 

87 

19     38'0 

8     48-8 

10    49-2 

14     27 

218 

This  table  shows  that  the  first  two  terms  of  (129)  give,  up  to  <^  =  80°,  practically  the  same 
refraction  as  given  by  Bessel.  Up  to  this  point  the  only  assumption  made  is  that  P  and  Q  are 
not  sufficiently  large  to  make  the  higher  terms  of  importance  for  values  of  ^  not  exceeding  80°. 
In  deducing  his  formula  Bessel  assumed  the  law  of  density 


P  =Po« 


-g      rh 
I    '    RR 


*(131) 


and  determined  the  best  value  of  I  to  fit  observations.  Without  any  such  assumption  (129)  enables 
us  to  write  down  the  refi'action  up  to  zenith  distance  of  80°.  For  greater  zenith  distances  Bessel's 
values  can  be  closely  reproduced  by  choosing  suitable  values  of  P  and  Q.  It  is  doubtful  whether 
the  quantities  P  and  Q  can  be  considered  sufficiently  nearly  constant  for  all  time  to  represent  the 
refraction  even  up  to  85°,  the  limit  originally  adopted  by  Bessel.  In  any  case  they  can  be 
determined  just  as  well  as  the  quantity  I  in  Bessel's  formula  (131). 

The  values  of  —^  tan  0  sec  ^    j  P  +  Q  tan  -<^  +     .  .  .  ?•    are    given    in    table  L    under 

heading  II  corresponding  to  —3-  =   -01288  aud  —j-    =  -00005506,  and  it  is  seen  that  they  are 

nearly  the  same  as  the  quantities  under  heading  I,  which  have  been  taken  from  the  last  column 
of  table  XLIX.    The  last  column  of  table  L  shows  the  residuals. 


*  iS'ee  CliauTeaet'3  Astronomy  Vol.  I,  page  145. 
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TABLE    L. 


•^ 

I 

II 

II -I 

o 

80 

0-7 

2-5 

1-8 

83 

5-6 

8-2 

2-6 

85 

27 

27-8 

0-8 

86 

68 

66-3 

-1-7 

87 

2l8 

218-3 

c-3 

It  is  to  be  remarked  that  (129)  cannot  be  used  for  all  values  of  ^  up  to  90°.     The  quantity 

■yJTa   ceases  to  have  a  possible  value  when  <^  is  greater  than  sin-^  —  (==  88°  38'  for  standard  air 

A* 
density).     Moreover  the  last  term  of  (129)  which  comprises  an  infinite  series  may  become  diver- 
gent for  certain  values  of  P,  Q  etc. 

5.  We  must  accordingly  find  another  expansion  for  the  case  when  0  exceeds  the  value  at 
which  (126)  becomes  very  slowly  convergent.  Equation  (129)  shows  the  refraction  in  terms  of 
that  which  would  occur  were  the  radius  of  curvature  of  the  earth  infinite  (gravity  remaining  the  same) 

together  with  a  correction  for  curvature.     For  values  of  ^  greater  than  sin~^  —  it  is  clear  that  the 

ray  would  not  escape  from  such  an   atmosphere    arranged  in  plane  strata,  so  that  this  form  of 
expression  breaks  down  in  this  case  when  applied  to  the  actual  spherically  arranged   atmosphere. 

We  see  at  once  that  it  is  necessary  to  expand  the  expression  for  ■\jr  la  terms  of  -s  instead  of 
h  :  for  it  is  the  multiplier  sec  <f)  which  causes  the  series  to  diverge. 

We  have  by  Maclaurin's  theorem 

^'  =  ^+-'£  +  \J--d§--^ (132) 

whence  substituting  in  (117)  and  integrating 

+='^-ff-f-ii-f  - <'^3) 

Now 

etc.  ^ 

We  have  the  values  of  -r,-  from  (122).     Also  from  (118) 
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^   _    c;.,   A  ^^Jb   +  b     1_    _   7    „  d^^ 


Substituting  in  (134)  and  putting  h  —  0  we  get 

=  ^  cos  (^  sin  0 (137) 

+   sin3</.(^  +  l){    _^  +  -y(^+l)} 
=   (C  cos  -0  -^  /)  sin  "<^)   sin  ^ (138) 

■where     A,  C,  D  are  written  in  place  of  the  several  coefficients,  and    D  =  A{'^  -^. -\. 

We  can  now  write  (133)  as  follows 

C  .s*  cos  <h  -S"  '*4 

-^    =    s  sin  <^  ^  -  7  +  —TT^A  +  —  [C  cos  ■^+  Dsm~4>)      .     .      \       .     .      (139) 
where  the  coefficients  ^,  C,  D  are  independent  of  (f>  and  are  functions  of  A. 

It  appears  to  be  most  probable  that  the  value  of  /3  at  the  upper  limit  of  the  atmosphere  is 
zero.  That  the  ray  from  a  celestial  object  should  suffer  an  immediate  finite  refraction  on 
reaching  the  attenuated  atmosphere  seems  most  unlikely.     It  is  clear  from   the  formula   that  the 

value  of  /3  depends  on  -rj-,  and  this  is  a  vanishing  quantity  when  p,  h  and  t  vanish  only  with 
certain  conditions  of  temperature-height  relation.  When  there  is  thermal  equilibrium  and  the 
adiabatic  gradient  occurs  at  the  upper  limit  of  the  atmosphere,  then  -^  vanishes.  It  seems  pro- 
bable that  this  gradient  should  occur  there.  Assuming  then  that  /S^  vanishes  at  the  limit  we  have 
at  once  for  the  appropriate  valve  of  s 

This  expresses  the  condition  that  a  small  change  in  s  will  not  affect  the  angle  i^  given  bv 
(139).  The  physical  reality  of  this — that  the  last  portion  of  the  atmosphere  contributes  little 
to  the  refraction — seems  to  be  clear. 

If  we  neglect  the  higher  differential  coefficients  of  /S  with  respect  to  s,  (140)  enables  us  to 

write  (133)  in  other  forms.     Neglecting  -rv  and  higher  differential  coefficients  and  subtracting 

(140)  multiplied  by  -^  from  (133)  we  get 

^  =  i  «/3 (141) 
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fPB  s 

Neglecting  —p-^  and  multiplying  by  -^  we  get  a  more  accurate  expression 

Ho  O 


d*8  s 

Neglecting      ,  ^    and  multiplying  by  —  we  get  a  still  more  accurate  expression 

We  can  at  once  put  in  the  values  of  /3,  -y-  etc.,  as  was  done  in  (139)    in   these   last   three 

as 

equations.     They  have  the  advantage  over    (139)    of  being   more  rapidly  convergent.     Moreover 

each  is  correct  to  the  next  higher  term  than  occurs    in   the  equation :    for   this   term    has    been 

replaced  by  terms  of  lower  order  by  means  of  (140). 

6.     It  remains  to  find  an  expression  for  5. 
We  have  obviously 

s  =    fd/i,  sec  ^ (144) 

and  fj,R  sin  4)  =  B (22)  bis 

where  R  =  r  -j-  h 

Then,  writing  so  for  yxR  we  get 

'=J7^^B^^''-'d^        (145) 

4?=(f)-  <g).  ^  ... 

cPR     _    d_R    ±(dR\    _  /      dfj,  \-Vprf>^o  dt'\ 

die'      -     d.v-dJi\d,vJ    -      -\ri!h+'')     \^W^--dh) 
Hence 

/-.—So  =      /    's/x'-B^dx  +  &    1—2= 

s/x'-B'  J    ^  ^       J    y^.^_ij3 

^-^Xs/x'—B"^    +    „- log  tan -^    —   iJ-logtan-^ 
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=  -2-^"(  cosec  0  cot  ^  —  log  tan  ~) 
=  -^fi^R^y  cos  <f>  —  sin^  ^  log  tan  -^  ) 
Substituting  in  (146) 

,  =(/^  +^  Y  )b  cot  <^  -  f'\      '^''i^—    H^«  <^  cot  .^  -  logtan|)     ( 

y  \    dh     ^)  V 

taken  between  limits  of  <^. 

The  lower  limit  is  <^^ ,  the  observed  zenith  distance ;  the  upper  limit  is  (^^  where 

h  being  the  height  to  which  the  atmosphere  extends  above  the  observatory.  It  is  of  course  clear 
that  the  refractive  index  is  unity  at  tlk^  upper  limit,  and  that  the  /^  occurring  in  (148)  is  the  value 
at  the  observatory. 

Now  y    =  JZ  ('og  /") (il9)  ^«* 


7 

=  M  "o^ 

H) 

_    1     ^^ 

~  /J.'  dh 

\'. 

dA^ 

dy  ^ 

dyi 

Hence  since  fj,  is  very  nearly  unity  we  can  write  with  sufficient  accuracy  in  (147) 

/x=  1 

dfj,  _ 
dh~  '^ 


d^fi  dy 

and 


___         '      _t_       3 


1  +  ry    I  'Z  (  1   +  7-7  )=  ) 

where  L  =      cot  j)  and  M  =       cosec  <^  cot  ^  —  logj  tan  ^  1 


(149) 


7.     The  fact  that  the  refraction  cannot  be  much  affected  by  the  last  portion  of  the  upper 
atmosphere  shows  that  a  highly  accurate  value  for  s  is  not  necessary. 


90 

2k 
Supposing  7  = at   the   earth's  surface — in  other  words  the  coefficient  of  horizontal 

refractioa  is  /{;  —  then  the  average  value  of  -^^  is y,  A  being  the  height  of  the  atmosphere. 

Then  in  expression  ''  (  j?  +  7^ )  +  ^7  which  occurs  in  (149)     dh  is  of  order  ^  '  ^  =  -^,  showing 


27 


rh    27 


that  r-j-ia  the  important  part  of  this  expression. 


Comparing  the  second  term  with  the  first  in  (149)  we  have  ratio 


^'S 


, .         u  r^  sin  <i   -3^      ,^  •      . 

M  ^   an.     M      .  .  .    .       »       ,  sm  a>        r 

— •  -r-   which  IS  01  order  —  ^—  •  — 


2/t  M 


2(1+  ryf       BL        2  (1  -  2kf       L 


2  h      [\-2kf     L' 


Taking  A  as  ^77  and  -7-  =  100  this  becomes  =  —  15"6  sin^  ■  —  which  is  small   for  large 


10 


values  of  ^. 


M       r 
Values  of  15*6  siurf)  -y .  ,,,,.,  are  as  follows  for  various  values  of  h  and  A: 
L    lOOA  ^ 


■©■ 

A -20  miles 

A  =  30  miles 

A  =40  miles 

0 

80 

62-6448 

41-8076 

31-3957 

83 

62-6416 

41-8040 

3i-39«4 

85 

62-6373 

41-7996 

31-3864 

86 

62-6345 

41-7961 

3' -38^7 

The  above  shows  that  the  expression  found  for  «  is  not  satisfactory  for  determining  s. 

8.  It  is  possible  to  obtain  a  value  of  s  as  follows.  First  of  all  assume  s  equal  to  the 
chord  of  the  ray  of  light,  from  which  it  cannot  differ  greatly.  Then  if  CI  is  the  terrestrial 
refraction  up  to  the  limit  of  the  atmosphere  and  Oj  the  terrestrial  refraction  at  the  other  end  of 
the  ray,  we  have  by  projection  on  the  chord 

«=(»•  +  ^)cos(  ^j  —  ^i)—  r  cos  (^  +  fl) 


sin  ^1  —  flj  =  siu  ^  +  fi  -^    ,    f^ 


whence 


s  =  a/  i^  cos^  </)  +  n    +  2  rh  +■  7*^  —  r  cos  ^  +  fl 
from  which  s  can  be  computed  if  fl  and  h  are  known. 


(150) 


Now 
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/3  =  —  =   -  7  sin  (/) (118)  bis 

a^'   ds    ~         ds 


2 


fdaV  1      d^a    _  d^0 

\ds/  a-'   ds-    ~  ds'- 


Hence  by  (25) 

Terrestrial  refraction  angle  =  D, 

-  ¥^  +  T-rf?    +24.-  W (1^1) 

=  ssin(^|   -  |-   +  ^-^^^  +  ^^C cos 2^  + Z) sin  ==(/>).  ..]-...  (152) 

and  the  coefficients  o£  the  several  powers  of  s  are  those  occurring  in  (133)  and  (139)  multiplied 
by  the  numerical  quantities  ^,  i,  k  ■  ■  ■  respectively,  and  are  accordingly  known.  In  (154) 
s  represents  the  length  of  the  terrestrial  ray. 

d^j3 
Hence  by  (140)  and  (151),  eliminating  -yy  and  neglecting  higher  terms,  we  may  write 

'^  =  ^''+4-f c^') 

or  less  accurately  neglecting  -j-j  and  eliminating  — i— ,  we  have 

=  -J-  * <'"*' 

That  is  the  terrestrial  refraction  on  a  ray  to  the  limit  of  the  atmosphere  is  approximately 

two-thirds  of  the  celestial  refraction.     The  accuracy  of  this  relation  depends  on  the  values  of  -j-^ 

and  higher  coefficients,  but  it  should  give  a  value  of  H  good  enough  for  substituting  in  (150), 
from  which  s  may  be  found  witii  sufficient  accuracy.  It  is  to  be  remembered  that  a  small  change 
in  s  should  make  only  a  second  order  chauge  in  yfr,  siuce  /8,  =  0  at  the  upper  limit  of  the 
atmosphere. 

It  is  now  possible,  though  troublesome,  to  find  the  quantities  /i,  7,  A,  C,  provided  we 
have  four  observed  values  of  <j)  and  ■^.  We  can  calculate  «  for  several  assumed  values  of  k  and 
substitute  in  (139),  and  then  solve  for  7,  J,  C  by  means  of  these  equations.  The  fourth  equation 
will  also  be  satisfied  when  the  correct  value  of  h  is  taken.  If  A  is  found  to  be  a  quantity 
which  does  not  vary  appreciably,  the  process  will  be  much  simplified :  for  a  value  can  be 
found  once  for  all,  after  which  the  determination  of  7,  A,  C,  is  simple. 

7       73 
9.     It  is   then   an   easy  matter   to   determine  7,  -~,  iX ,    but    these    are  not    actually 

required  for  the  determination  of  the  terrestrial  refraction,  which  is  given  by  (152). 
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The  relation  between  the  celestial  and  terrestrial  refractions  is  accordingly  established. 

Four  observations  of  stars  at  various  altitudes  are  theoretically  sufficient  to  determine 
these  unknowns.  For  the  true  zenith  distance  at  a  given  time  is  known  from  the  star  catalogue, 
and  the  actual  apparent  zenith  distance  can  he  observed.  The  differences  of  these  are  clearly 
the  refractions,  and  each  observation  accordingly  gives  an  equation  of  condition. 

Equations  (139)  and  (143)  are  perfectly  general  and  have  no  limits  as  regards  the  value  of  <^. 
However,  stars  do  not  in  general  become  visible  the  moment  they  rise  above  the  horizon,  owing  to 
haze,  dust  etc.  In  India  the  pole  star  is  often  hard  to  discern  at  latitudes  not  lower  than  that  of 
Madras,  viz.,  13°  and  it  is  probable  that  these  equations  will  not  liave  a  chance  of  application  for 
value  of  (^  greater  than  85°. 

10.     Now  consider  the  case  of  values  of  ^,  say  not  greater  than  4"5°. 
In  this  case  we  may  expand  (150)  as  follows  : 

1         2rh  +  h"'  ]     /     'irh  +  lr 


s     =^     r  cos 


(<^+n)  I 


1  + 


=  /{l+^)s«c(<^  +  n)--|-^8ecM0  +  fi) 

=  //.sec{cj}  +  D,) — ^  sec  (<^  +  fl)  tan  2(^  +  n) 

=  A  sec  (^  +  X1)  |>1--^    tan=^+fl  1 

=:  h  A   sec  ^  +  O  tan  tf)&ec<j}  r  "!  1  — k—  tan-^  I 

==f  h  sec  (^  -j  1  +H  tan  ^ ^c—  tan  -<p  ?■ . 


Now     n 


-^  .  (/x— 1)  tan  <f>. 
o 


s     =  It  sec  <j)  ^\ +tan^(p  I--- ./jL— I — o^/j 

=  /t  see  <!>  i  1 x-^  tan^^    r      since  -^yx— 1  is  very  small. 

Substituting  in  (143) 
t  =  /.  tan  <^  {l  -  A  tan  "-<^}  {  -  A  ^+   ^  +  |l(c+Z)tan«<^)} 

=  Atan</,L---V  +  — +  — +tan-<^|— ^(v  +  -)-27(-4-'y  +  ir);J 

^r      3         hA     h~C     ^     „^   c  Zh  ¥A(  1  3  \\-i 

=.  ^tan  ^[-^^  +  _+_+tan=<^|-^,^,7+    ^H  -^^  "T-— jlj 
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Now  from  (129)  for  values  of  (f>  less  thau  45° 

■^     =(//.—  !)  tan  (f) 

Hence  by  comparison  we  see  that 

,  /       3  /lA       PC\   . 

n-4'y+T  +  W=^-^ (155) 

Or  more  accurately 
that  is 

Put         T'y  =  X,  Ar^  =  y,Ci^  =  z  and  ~  ~  a,  where  if  has  no  connection  with  the  y  occurring  in  §2. 

•(-^('-l)-f  ('  +  f)-^(-'^)}=.-'     .  .  ■  ■  (i=r, 

Also,  replaciijg  —  by  /c  and  substituting  values  of  ^,-r->  '^  f^m  (118)  and  (134)  we  write  (143) 

I  •     I  r       3  K  cos  d)  K^  /  .   ,  .    .   „    \  ■) 

V^     =/csin^|-  — ^  +  — - — y+  —  ^3  cos-0  +^a:  +  1  sin^^j  I      .     .     .     (158) 

Eliminating  z  between  (157)  and  (158)  by  multiplying  (159)  by  ^  cos^  <f)  sin  (f>    we  get 


K 


'<k  —  (I  —  1 —    cos"  (6  sin  rf) 

yr  I  '  ' 


a 


=  .sin^{-|-.(l_5cos=<^l4|)+'Li!|ii^(l_|eos^l  +  |),-^(.^+^sin=^)} 


13 

or       -dr  —  u.  —  1  —    cos^  <i  sin  d> 

a\ 


= /c  sin^ -!——«•(  l--2-cos-^l  +y)+ ^(cos^-cos-^—l  +  -g+«— ^)+a7j>  24  I      •     •    (^^^) 

1 1.  As  an  example  of  the  method  proposed  we  proceed  to  the  solution  of  this  equation  for 
the  case  when  the  refraction  is  that  given  ia  Bessel's  tables :  that  is  to  say  we  treat  these 
refractions  as  if  they  were  the  results  of  observations  to  stars  at  various  altitudes.  In  the  first  place 
it  is  necessary  to  guess  a  value  of  a  and  then  solve  (159)  from  the  knowledge  of  yfr  at  two  ele- 
vations. If  the  solution  thus  found  also  satisfies  (159)  for  other  values  of  <f),  then  it  is  a  fair 
inference  that  the  correct  value  of  A  has  been  obtained:  otherwise  it  is  necessary  to  select  an- 
other value  of  a  and  repeat  the  process.  The  two  results  will  indicate  in  what  neighbourhood 
the  true  value  of  a  lies  and  the  process  may  be  continued  until  the  desired  accuracy  is  obtained. 
It  is  obvious  that  we  must  deal  with  large  values  of  (j),  since  the  refraction  is  nearly  independent 
of  the  distribution  of  the  atmosphere  for  small  values  {see{  130)).  For  convenience  we  now 
give  values  of  yS  corresponding  to  four  values  of  a  for  certain  values  of  <f>. 
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TABLE  LI. 

Values  of  k. 


a.       ^^^-^^^ 

75° 

80' 

83' 

85° 

86" 

90° 

•0050 
•0075 
•0090 
•0100 

•01869 
•02770 
•03292 
•03640 

•02695 
•03918 
•  046 1 9 
•05075 

•03619 
•05146 
•06008 
•06555 

•04625 
•06418 
•07396 
•08020 

•05322 
•07260 
•08297 
•08727 

•10690 
•12944 
•I4119 
•14849 

Bessel's 
refraction 

•001038 

•001548 

•002149 

•002870 

•003429 

•009847 

These  values  have  been  computed  by  the  help  of  (150)  and  (154).  The  last  line  gives 
Bessel's  refractions  expressed  in  radians,  except  for  <i>  =  90°  when  the  refraction  is  Argelander's, 
to  suit  the  solution  of  (159). 

If  we  select  a  =   '0075  and  solve  (159)  for  the  two  values  of  cf),     80°  and  85°,  we  get 

X  =  -       ©•Hi'J 

3,  =  _     4r-8      C (160) 

z  =  +8267         J 

x  =  -     o-ur 


Taking  o  =  •Ol  we  get 


)^121-J 
y  =  -     31-9 


Taking  a  =   •  009  we  get 


i 


(161) 


z  =  +4150 

X  =  -       0^128-^ 

^  =  -     36^6      I (162) 

z  =  +5278  J 

With  these  values  we  can  substitute   in    (158)   and  find  corresponding  values  of  ■>/r.     The 
results  are  exhibited  in  table  LII. 

TABLE    LII. 


<!> 

I 

Bessel's  refraction 

II 
i/-  fora  =  '0075 

III 
^  for  a  =  -009 

IV 
i^foro  =.  -01 

(I-II).10« 

(I-III).io. 

(I-IV).10« 

0 
75 

•001038 

•001037 

•001038 

■001037 

I 

0 

I 

80 

•001548 

•001544 

•001548 

•001545 

4 

0 

3 

83 

•002149 

•002150 

•002150 

•002148 

—  I 

—  I 

1 

85 

•002870 

•002874 

•002868 

•002867 

-4 

2 

3 

86 

•003423 

•003425 

•003417 

•003459 

—  2 

6 

-36 

90 

•009847 

•010283 

•009813 

•  009650 

-436 

34 

197 

I 
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The  last  three  columns  show  that  the  solution  is  not  quite  perfect  in  any  case 
even  for  the  values  ^  =  80°  and  (f)  =  85°  from  which  the  equations  of  condition  were  formed. 
It  is  to  be  remembered  that  the  number  4  x  10-«  radian  is  only  0"-8  so  that  it  is  unnecessary  to 
make  the  solution  with  greater  accuracy.  But  for  the  other  values  of  <f)  we  find  that  the  solution 
fits  somewhat  better  except  for  <j)  =  86°  and  a  =  -01  and  in  the  three  cases  for  ^  =  90°.  For 
a  =  -009  we  find  the  solution  is  practically  perfect  throughout  and  the  conclusion  is  that 
a  =   -009  (corresponding  to  a  height  of  atmosphere  35-7*  miles)  is  very  near  to  the  truth. 

It  is  to  be  noted  that  x  is  the  same  »s  —  2k,  k  being  the  coeflScient  of  horizontal  refraction. 
Hence  our  result  is  that  corresponding  to  Bessel's  refractions  we  have  a  coefficient  of  refraction 
of  0-064..  Considering  tiiat  Bessel's  refractions  must  refer  to  the  night,  and  are  for  sea  level,  this 
coefficient  is  unduly  small.  Harkness  gives  the  ratio  of  nocturnal  refraction  to  minimum  re- 
fraction as  1  -3  :  and  if  we  divide  0-064  by  1-3  we  get  0-049  which  is  without  doubt  too  small 
for  minimum  refraction  at  sea  level.  Such  a  value  as  0-075  might  be  expected  in  that  case.  If 
we  ignored  the  refraction  given  by  Argelander,  and  took  a  lower  value  of  A  we  should  no  doubt 
arrive  at  a  larger  value  of  x.  The  solution  for  k  depends  almost  entirely  on  the  assumed  horizon- 
tal refraction.  There  is  some  difficulty  in  deciding  what  is  the  best  value  to  take  for  h.  It  is 
clear  that  above  the  height  at  which  the  pressure  is  0"-03  the  refraction  effect   can  only  be  of  the 

•03  1 

order  — —    =  Trum  °^  ^'hat  it  is  at  sea  level.     From  this  it  may  be   argued  that   little  difference 

in  refraction  will  be  made  according  as  we  take  a  height  of  30  miles  or  35  miles.     The    effect  on 
the  deduced  coefficient  of  refraction,  however,  is  considerable. 

Bessel's  refractions  were  founded  on  observations  made  by  Bradley,  so  that  they  presumably 
refer  to  English  climatic  conditions.  It  is  quite  possible  they  are  not  equally  applicable  to  India, 
for  values  of  0  greater  than  80°. 

12.  It  remains  to  consider  the  most  favourable  way  in  which  observations  to  stars  may  be 
made.  It  is  clear  that  if  we  observe  the  altitude  of  a  star  on  the  prime  vertical  and  note  the  time 
(local  sidereal),  we  can  also  find  the  true  altitude  of  the  star  from  a  star  catalogue.  The  differ- 
ence is  the  refraction.  Taking  a  star  as  soon  as  it  becomes  visible  after  rising,  we  can 
continue  observing  it  at  short  intervals  and  so  get  a  set  of  observations  which  probably  may  be 
considered  simultaneous  so  far  as  refraction  is  concerned.  In  any  case,  even  if  several  stars  were 
selected  at  suitable  altitudes,  the  observations  would  necessarily  be  separated  by  short  intervals 
of  time  and  would  not  be  strictly  simultaneous.  In  this  case  the  time  needs  to  be  carefully 
observed  and  the  times  at  which  altitudes  are  taken  must  be  accurately  noted,  for  an  error  of  one 
second  of  time  will  cause  an  error  of  15  seconds  of  arc  in  the  deduced  refraction.  It  would  be 
desirable  to  observe  the  transits  over  seveial  cross  wires  and  reduce  to  the  central  wire.  If  we  observe 
a  star  of  suitable  altitude  on  the  meridian,  it  will  not  be  necessary  to  know  the  time  but  in  this  case 
it  is  important  to  know  the  astronomic  latitude.  Several  intersections  of  the  star  c(mld  be  made 
and  the  readings  reduced  just  as  is  done  in  a  circummeridian  observation  for  latitude.  The  obser- 
vations could  only  extend  over  a  short  time  as  it  would  be  necessary  also  to  observe  two  or  three 
other  stars  of  various  altitudes.  Herein  lies  a  difficulty,  as  it  would  not  usually  be  possible  to 
select  some  four  stars  of  convenient  altitude  which  transited  quickly  one  after  the  other.  Moreover 
if  a  star  of  too  small  altitude  was  selected,  it  might  happen  that,  owing  to  haze,  it  would  not  be- 
come visible. 

The  method  of  observing  on  (or  near)  the  prime  vertical  is  accordingly   to   be   preferred. 

*  Dr.  Walker,  Director  General  of  Observatories   informs  me  that  a  pressure  of  0"-03  is  to  be  expected  at  about  34 
miles.     The  refraction  due  to  the  portion  of  the  atmosphere  above  this  is  presumably  negligible. 
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For  in  the  case  of  haze  being  greater  than  was  anticipated,  it  will  only  be  necessary  to  wait  till 
the  star  has  a  slightly  greater  elevation,  when  it  is  sure  to  become  visible.  Moreover  there  is  a 
great  advantage  in  it  being  necessary  to  observe  to  only  one  star.  It  is  of  course  not  essential 
that  the  star  should  rise  on  the  prime  vertical.  In  the  geneial  case  it  will  be  necessary  to  know 
both  the  local  sidereal  time  and  the  astronomical  latitude. 

The  procedure  would  probably  be  as  follows  : — First  observe  a  rising  star  at  several 
altitudes:  second,  observe  the  vertical  angles  to  the  luminous  signal  whose  height  is  required : 
third,  observe  another  rising  star  at  several  altitudes.  At  least  three  altitudes  of  each  star  must 
be  observed,  and  extra  observations  would  he  of  value.  An  observation  of  a  star  would  pro- 
bably consist  of  transits  over  several  cross  wires,  whose  intervals  were  known. 

Two  conditions  necessary  for  the  success  of  the  method  are  first,  that  the  refraction  should 
remain  sensibly  constant  during  the  time  occupied  in  taking  the  several  observations  to  either  stars  : 
and  second,  that  throughout  the  complete  time  occupied  by  observations  to  stars  and  luminous 
signal,  the  refraction  should  be  a  linear  function  of  the  time.  As  to  the  constancy,  or  otherwise, 
of  refraction  during  one  night,  the  Survey  of  India  does  not  appear  to  have  any  observations 
from  which  an  opinion  could  be  formed.  Harkness*  makes  tlie  following  statement: — "The 
"investigations  of  the  U.S.  Coast  and  Geodetic  Survey  show  (Transcontinental  Triangulation 
"pp.  Ji54-256)  that  the  daily  course  of  the  coefficient  of  refraction  consists  of  a  day  minimum, 
"  usually  lasting  with  little  change  from  about  10  a.m.  until  4  p.m.,  a  night  maximum  lasting  with 
"more  or  less  unsteadiness  from  9  or  10  p.m.  until  sunrise,  and  the  junction  lines  uniting  the 
"maximum  and  minimum."  Apparently  the  refraction  in  the  U.S.  has  a  much  longer  period  of 
approximate  minimum  than  it  has  in  India  where  the  time  of  minimum  refraction  could  not  be 
said  to  commence  before  noon.  If  the  nocturnal  maximum  lasts  for  about  as  long  in  India  as 
it  does  in  the  United  States  then  the  two  conditions  referred  to  earlier  in  this  paragraph  will 
probably  be  satisfied   during   the   period   of  maxinium  refraction. 

It  is  well  to  recall  at  this  point  the  simplicity  of  the  relation  between  the  change  of 
refraction  during  the  hours  8  a.m.  to  2  p.m.  and  the  temperature,  found  to  occur  in  the  observations 
we  have  discussed,  to  which  attention  has  been  drawn  in  the  early  part  of  Chapter  IV.  This 
simple  relation  was  not  so  clearly  followed  from  2  p  m.  to  4.30  p.m.,  and  apparently  the  change 
of  refraction  from  minimum  to  maximum  is  not  so  simple  or  regular  as  the  ch.-inge  from 
maximum  to  minimum.  This  is  to  be  expected  as  the  thermal  adjustment  of  the  air  naturally 
takes  place  more  rapidly  and  evenly  when  assisted  by  convection,  as  occurs  when  the  lower  layers  are 
gaining  heat  from  the  earth,  than  when  these  layers  are  chilled  and  convective  adjustment  is 
impossible.  When  the  lower  layers  are  too  hot  convection  rsipidly  restores  thermal  equilibrium. 
It  seems  however  quite  likely  that  when  maximum  refraction  has  been  attained  this  is  itself 
an  indication  that  the  air  has  iipproached  fairly  closely  to  a  state  of  thermal  equilibrium.  la 
this  case  it  also  seems  very  likely  that  when  the  maximuna  is  more  or  less  reached,  any  change  in 
refraction  will  be  of  a  slow  and  minor  character. 

Further  comment  on  the  proposed  method  is  for  the  present  withheld.  It  is  hoped  that 
observations  which  will  test  it  will  shortly  be  undertiikeii,  and  if  satisfactory  results  can  be 
obtained  these  will  be  published  in  a  later  paper. 

*  '■'I'eiiesl.iiiil  Refraction  iind  the  Tngonometrieal   Meusuretnent  of  Heights"  by  William  Harkness,  in     "The  As- 
tronomical Jouriiul"  Boston,  Vol.  XXII,  No.  526,  p.  178. 
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CHAPTER    VI 


The  Dip  of  the  Horizon.    Concluding  Remarks. 


1.  The  dip  of  the  horizon  is  of  great  practical  interest  to  navigators.  This  is  a 
particular  case  in  which  the  ray  throughout  its  length  is  not  far  above  the  water,  to  which  it 
is  eventually  tangential.  If  the  water  is  perfectly  calm  there  seems  no  objection  to  assuming  the 
law  of  spherical  surfaces  of  equal  temperature.  Wlien  there  are  waves  this  simple  state  of  affairs 
can  hardly  exist,  and  no  doubt  the  temperatures  of  those  layers,  which  come  in  contact  with  the 
water  as  the  water  rises,  fluctuate  more  or  less.  Taken  over  several  wave  lengths,,  however,  the 
mean  temperature  at  a  given  height  will  probably  be  pretty  constant. 

The  dip  of  the  horizon  depends  on  the  height  from  which  it  is  observed.  Moreover  we 
must  remember  that  we  see  only  the  crests  of  the  waves  at  the  horizon.  Accordingly  we  are 
concerned  with  the  diflference  of  level  of  the  points  of  observations  and  the  crests  of  the  waves,  not 
of  the  mean  water-level. 

The  expression  for  the  dip  is  easily  derived  if  we  can  assume  the  spherical  distribution  of 
temperature.     For  then  we  have 

/i  (r  +  A)  sin  ()!)  =  /Ho  »■  siu  </>o .     .     .      (163) 

where  r  is  the  radius  of  the  sea-level  surface  or,  more  strictly,  of  the  sphere  which  envelops 
the  crests  of  the  waves,  and  k  is  the  height  of  the  point  of  observation  above  this  sphere. 
jia,  jJ-  are  the  refractive-indices  of  the  air  at  the  two  levels. 

Now  the  ray  of  light  to  the  horizon  is  obviously  tangential  to  the  water  at  the  horizon. 
Hence  qfrg  =  90°:  and  if  we  put  ^  =  90"-)- a  then  a  is  the  dip  and  we  may  write  (163) 


cos  a 


^  ('  -  tT 


Tlemembering    that  a  and  —  are  small  and  that  /i  =  1  +  Kp,     we  have 


2    ~    \  -^  Kp\  r) 


=  l+K.po-p-~ 
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Hence,  putting  p  =  p^  +  Ap,    we  have 


a  '^        r 


or 


a  =  ^/2  (y  +  if  Ap  ) (164) 


the  result  being  expressed  in  radians. 
We  accordingly  have  to  evaluate  Ap. 


Now  P  ~    Ct (5)  bis 

Also  P  =Po  —  Pm  5'^' 

where  p^  is  some  value  o£  the  density  not  very  different  from  p^  or  p 


KI4) 

Ct 

Cto     t           t" 

9^ 
C 

where  t  =  At  +  To 

Hence  turning  to  (164)  we  see  that 

h 


^K^,    .!'.{,  -r-^-L)-K,,^. 


2.    Now 


r^  -^  =  3-960  X  5-280  x  10x2-93  x  lo"*^  .  ^1^.-L|?|^«:^X 
T      C  p,  T  519-4         ff, 

=    .2204--^-^.^^^ 

9s     Ps  r 

where  suffix  s  indicates  the  standard  values.     If  ff=g„  pm=p,  and  the  temperature  is  60° F.  this 
reduces  to  •  2204. 


Next 


T^        ^T  o    rvo  ^r^~*   Po  519-4  1 

iTp, =  2-93X  10    -^x ..^^At 

'       T  p,  T  519-4 


=  10"'x5-641^^1i:i-AT 

P'  T 

Put 

=    A.p^5j9:_4  ^^4  ^p^  519:4 

ffs     p.         r  2         p,        T  ^       ' 
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then  Fj  and  Fg  are  both  nearly  unity,  and  if  we  also  put 

A(l  -  -2204  F,)  -  A'  (1  -  •2204)- 


] 


V  -     .     (166) 

and  F„  At  =  At' 

h 

+  A'A/3  =  4-783  X  10-8//  ^    -7796  -  5-641  x  10-'  At' 


r 


■whence 

a  =  10-*  ^7-46  A'  -  112-8  At' 
or  expressing  the  result  in  seconds 

a"  =  56"-33  V^/l'(l-  15-13-^) (167) 

Reverting  to  (164)  we  see  that 

-r  -ffAp  =  —  rK.  -j^         if  /*  is  sufficiently  small 


/i        r 


by  (28) 


sin  (f) '  a- 
=  2/t 
since  ;i  =f  I  and  (f>  differs  little  from  90°.     It  is  clear  then  that  we  can  also  write  (167)  as  follows 

■where  a^  is  the  dip  in  the  case  of  no  refraction.  This  is  only  true  for  small  values  of  A',  a" 
obviously  vanishes  when  A  =  ^,  in  which  case  the  curvature  of  the  ray  is  the  same  as  that  of 
the  earth  and  the  ray  continues  right  round  the  sea  surface. 

Also  ao"  =  cosec  I"  y\/  -^  =  63"  ■  8  ^A' 

whence  a"  =  63"-8  y/A'  {I-  2/c) (168) 

In  Chauvenet's  Astronomy  page  175  it  is  stated  "  For  an  altitude  of  a  few  feet  the  difference 
"of  pressure  will  not  sensibly  affect  the  value  of  D'  [  =  a  in  (164)]  and  may  be  disregarded". 
This  appears  to  me  to  be  incorrect,  for  we  are  not  concerned  so  much  with  difference  of  pressure 
as  rate  of  change  of  pressure,  a  quantity  which  has  a  definite  value  even  for  a  horizontal  ray. 
The  consideration  of  this  brings  in  the  quantity  -2204  in  (166)  which  changes  the  coefficient  of 
/*'  from  unity  to  •  7796. 

At' 
3.     Values  of  the  dip,  a,  calculated  from  (167)  for  certain  values  of  h!  and  -jt-   are  now  given 

in  table  LIII. 
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TABLE  LIII. 

Dip  of  the  horizon. 


At' 

A' 

A'  =  100/eei! 

80 

feet 

60 

feet 

40 

feet 

20 

feet 

'               ¥ 

t 

f/ 

, 

If 

/ 

If 

/ 

If 

+  0 '06609 

0             0 

0 

0 

0 

0 

0 

0 

0 

0 

■06 

2       51 

■z 

33 

2 

'3 

I 

48 

I 

16 

•05 

4     38 

4 

9 

3 

35 

2 

56 

2 

4 

•04 

5     54 

5 

17 

4 

34 

3 

44 

2 

38 

•03 

6     56 

6 

12 

5 

22 

4 

23 

3 

6 

•02 

7     50 

7 

I 

6 

4 

4 

58 

3 

30 

•01 

«     39 

7 

44 

6 

42 

5 

28 

3 

52 

•00 

9     23 

8 

24 

7 

16 

5 

56 

4 

12 

—  o-oi 

10      4 

9 

I 

7 

48 

6 

22 

4 

30 

—     -02 

JO     43 

9 

35 

8 

18 

6 

47 

4 

48 

-     -03 

1 1     19 

10 

7 

8 

46 

7 

10 

5 

4 

-     -04 

11     54 

10 

-3« 

9 

'3 

7 

31 

5 

19 

-    -Oj 

12     27 

1 1 

8 

9 

3« 

7 

52 

5 

34 

-  -06 

12     58 

J I 

36 

JO 

3 

8 

12 

5 

48 

-  -07 

J  3     28 

12 

3 

10 

26 

8 

3' 

6 

a 

-  -08 

'3     58 

J  2 

29 

10 

49 

8 

50 

6 

15 

-  -09 

14     26 

12 

54 

1  1 

1 1 

9 

8 

6 

27 

-     -iO 

14     53 

'3 

19 

11 

32 

9 

25 

6 

39 

It  is  seen  that  when  the  temperature  increases  upwards  at  the  rate  of  0°-066  F.  per  foot  the 
dip  is  zero.  For  more  rapid  increase  of  temperaf  iire  the  sea  surface  will  appear  concave  and  there 
will  be  no  true  lioiizou.  Such  rates  of  chiuige  of  temperature  of  course  cannot  persist  to  any 
considerable  height,  so  that  this  phetiomenon  is  only  witnessed  near  to  tlie  earth  (or  sea)  surface. 

4.  The  ol)ject  of  the  present  investigation  was  to  express  the  refraction  undergone  by  a 
terrestrial  ray  by  means  of  a  formula  deduced  from  known  physical  laws.  Heretofore  in  survey 
operations  refraction  has  been  estimated  by  assuming  that,  for  all  rays  starting  from  a  given 
point,  the  Jingle  of  refraction  Viears  a  constant  ratio  to  the  angle  subtended  by  the  ray  at  the 
centre  of  the  earth.  This  ratio  has  been  termed  the  "coefficient  of  refraction,"  and  denoted  by 
i.  Considering  the  section  of  the  earth  in  any  given  azimuth  to  be  practically  circular,  it 
follows  from  the  assumption  tliat  the  path  of  the  light  is  a  circle  whose  radius  is  Ji/2/c,  R  being  the 
radius  of  the  circular  section  of  the  earth.  Seeing  that  the  radius  of  curvature  of  a  section  of 
the  earth  varies  according  to  tlie  azimuth  in  wliich  the  ray  lies,  and  that  this  variation  is  about 
a  half  per  cent  of  the  radius  in  latitude  30°,  it  is    evident   that   no   very    high    precision   can   be 
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expected.  Moreover  it  is  a  well  known  fact  of  observation  that  refraction  becomes  smaller  in  the 
higher  layers  of  the  atmosphere:  still  it  has  been  customary  to  assume  the  same  "coefficient  of 
refraction"  for  a  ray  proceeding  horizontally  as  for  one  reaching  a  great  height.  If  we  take  the 
ratio  ©f  mean  curvature  of  the  earth  to  that  of  a  horizontal  ray  of  light  we  arrive  at  a  "  coefficient 
of  horizontal  refraction  "  which  is  a  consistently  defined  quantity.  The  assumption  that  the  ray 
is  of  circular  form  may  be  otherwise  stated  by  saying  that  the  angles  of  refraction  of  a  ray  at 
its  two  ends  are  equal.  This  is  tantamount  to  saying  that  the  coefficient  of  refraction  at  both 
ends  of  a  ray  is  the  same.  If  we  consider  a  ray  ascending  from  say  3,000  feet  to  20,000  feet  we 
arrive  at  the  false  conclusion  that  the  coefficient  of  refraction  at  these  two  widely  different 
heights  is  the  same.  The  assumption  accordingly  is  not  a  good  one  in  the  case  of  rays  which 
have  a  wide  range  of  height. 

Two  methods  have  been  used  to  determine  the  coefficient  of  refraction.  In  both  methods 
the  effect  of  plumb-line  deviation  has  been  ignored  in  general.  The  first  is  to  observe  the 
elevation  of  a  point  whose  heiglit  has  previously  been  found  by  spirit-levelling.  From  this  the 
true  angle  of  elevation  can  be  deduced  and  the  difference  of  this  and  the  observed  elevation  when 
divided  by  the  angle  subtended  at  the  earth's  centre  is  the  coefficient  required.  The  second 
method  consists  in  observing  the  ray  from  both  ends.  If  E^,  U^  are  the  observed  elevations,  il  the 
refraction,  assumed  equal  at    hoth   ends,   and  X  the  angle   at    the   centre   of  the  earth  we  know  that 

Ey  — n  +  E^  —  ^l  -\-  X=0,  whence  II  = ^ and  the  coefficient  follows  by  dividing  by  %. 

We   may    replace  E^^  and  E^  by  90° -^j  and  ^2- 90°  and  get  X2  =  X-<^+<^2      ^^r^  ^j^^ -^^^^  ^i,^. 

tit 

relation  yx,  r-^  sin  ^,  =/i2  (r-f /i)  sin  ^^,  so  that  if  the  density  of  the  air  is  known  at  both  stations 
it  is  not  necessary  to  observe  hoth  angles  (j>i  and  ^3.  Refraction  is  known  to  vary  largely  from 
time  to  time  on  the  same  ray.  Accordingly  observations  at  the  two  ends  of  the  ray  should  be 
made  .simultaneously  if  we  are  to  deduce  the  refraction  coefficient  by  assuming  equal  refractions 
at  both  ends.  Simultaneous  observations  are  as  a  rule  difficult  to  arrange  for,  and  have  seldom 
been  made  in  practice.  In  cases  where  they  have  been,  the  deduced  difference  of  height,  on  the 
assumption  of  equal  refractions  at  both  ends  of  the  ray,  by  no  means  always  remains  the  same  for 
observations  at  different  times. 

It  has  long  been  known  that  refraction  is  usually  least  during  the  middle  hours  of  the 
day — in  India  the  time  of  "minimum  refraction  "  is  believed  to  be  1.30 — 3  p.m.  The  important 
feature  of  "  minimum  refraction  "  is  that  its  value  varies  from  day  to  day  in  general  very  much 
less  than  the  refraction  at  any  other  hour  of  the  day.  On  this  account  the  plan  of  observing 
reciprocal  anglt-s  on  different  day.s  at  the  time  of  minimum  refraction,  in  the  hope  that  the 
refraction  wonld  then  be  the  same,  has  come  into  operation.  This  plan  constituted  a  very  great 
advance  on  the  old  method  of  observing  vertical  angles  at  any  time  of  the  day.  It  cannot  be 
said,  however,  that  the  results  are  as  precise  as  could  be  wished  for.  In  deducing  the  height  of 
points  in  triangnlation  the  method  has  had  a  fair  measure  of  success.  In  deducing  the  heights 
of  inaccessible  mountains,  making  use  of  some  assumed  value  of  the  coefficient  of  refraction,  large 
discrepancies  have  been  found.  This  is  largely  attributable  to  the  fact  that  owing  to  plumb-line 
deflection  being  neglected,  a  wrong  coefficient  of  refraction  has  been  deduced. 

Even  if  the  original  assumption  as  to  the  form  of  the  ray  being  circular  were  correct, 
in   mountain  triangnlation   or  in  cases  where    large  deflections  of  the  plumb-line  occur,  very 
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large  errors  may  be  made  in  the  determination  of  the  coefficient.     The  expression  ^ — ^y 

is  iu  error  ou  account  oftlie  angles  E^  and  Eo  being  burdened  with  the  error  of  plumb-line  deflec- 
tion :  and  only  where  the  deflection  at  both  stations  is  the  same  in  the  azimuth  of  the  ray  can  a 
correct  coeflScient  be  deduced  independent  of  the  plumb-line  deflections.  In  the  Himalayas  where 
deflections  of  as  much  as  one  minute  of  arc  occur  the  error  may  be  very  serious.  Tliis  is  the 
case  of  the  Nojli-Mussooree  ray,  the  difference  of  plumb-line  deflection  alotvg  the  ray  at  the 
two  ends  is  30"  which  occurs  as  an  error  iu  the  combined  refractions  which  amount  to  some  300" : 
the  error  accordingly  being  10°/;,. 

5.  Enough  has  been  said  to  show  that  the  "coefficient  of  refraction"  method  of  dealing 
with  refraction  can  only  be  regarded  as  a  make-shift :  that  such  should  be  the  case  is  not  surprising 
considering  tliat  the  method  is  based  ou  an  arbitrary  assumption  which  is  in  itself  somewhat 
contradictory.  The  present  paper  is  au  endeavour  to  put  terrestrial  refraction  on  a  more  accurate 
and  scientific  basis  :  to  find  out  on  what  the  refraction  depends  and  to  explain  as  far  as  possible 
its  variation.  While  much  woik  remains  to  be  done  on  the  subject  a  certain  measure  of  success 
has  been  obtained.  The  formulae  derived  iu  Chapter  I  show  that  the  refraction  depends  very 
largely  on  the  rate  at  which  the  temperature  changes  with  height,  and  with  the  change  of  this 
rate :  it  also  depends  on  the  height  above  the  horizontal  plane  through  the  observing  station 
to  which  the  ray  extends.  Thus  the  refraction  on  a  ray  of  given  length  differs  according  as 
the  ray  is  ascending  or  descending.     This  is  in  accordance  with  observation. 

The  only  assumption  made  is  that  layers  of  equal  density  in  the  air  are  concentric  with  the 
(circular)  section  of  the  earth  in  the  azimuth  of  the  ray.  This  is  an  assumption  which  has 
always  been  made  in  investigations  of  refraction.  Except  in  the  case  of  rays  close  to  disturbing 
matter  radiating  heat  it  is  a  natural  assumptiou,  being  one  condition  for  thermal  equilibrium- 
Its  general  truth  is  well  substantiated  by  the  fact  that  refraction  iu  a  liorizontal  plane  is  in  general 
so  small  as  to  be  scarcely  measurable.  Exceptions  certainly  occur  iu  the  case  of  rays  passing  very 
close  to  heated  ground,  especially  when  this  ground  does  not  lie  symmetrically  with  respect  to  the 
vertical  plane  through  the  ray.  Another  condition  of  static  thermal  equilibrium  of  the  atmosphere 
is  that  the  temperature  gradient  should  be  adiabatic.  This  is  the  gradient  which  would  obtain  if 
sufficient  time  was  allowed  without  disturbance.  In  actual  fact  tlie  diurnal  change  of  temperature 
does  not  allow  sufficient  time.  Most  observations  on  the  fall  of  temperature  of  the  air  have  given 
a  less  rapid  fall  of  temperature  than  the  adiabatic  rate.  The  rate  however  can  hardly  be  exceeded, 
except  momentarily,  for  convection  must  be  set  up  if  it  is ;  and  this  adjusts  the  gradient.  The  adiabatic 
gradient  is  found  then  to  give  a  natural  minimum  refraction.  In  Chapter  II  the  formulae  are 
applied  to  the  heights  of  several  stations  which  have  been  connected  by  spirit  levelling,  differences 
of  height  of  geoid  and  spheroid  being  allowed  for  as  well  as  existing  plumb-line  deflection  data 
permit.  It  is  found  that  in  spring  the  refraction  found  by  assuming  the  adiabatic  gradient  closely 
approximates  to  that  observed  at  the  time  of  "minimum  refraction".  This  is  notably  the  case 
in  observations  from  a  station  in  the  plains  up  to  the  hills.  In  reconciling  this  with  observations 
made  on  the  temperature  gradient,  it  is  to  be  remarked  that  such  observations  are  not  simultaneous, 
depending  as  they  do  on  the  ascent  of  a  balloon  or  kite  :  moreover  not  many  of  them  have  been 
made  at  the  time  of  minimum  refraction.  Certain  Indian  observations  have  shown  a  gradient  not 
very  different  from  the  adiabatic  gradient  for  unsaturated  air.  This  may  be  a  peculiarity  of  the 
country  or  of  Indian  latitudes.  In  any  case  we  have  an  explanation,  on  thermal  grounds,  of  the 
observed  fact  of  minimum  refraction . 
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It  is  not  hovrever  proposed  that  the  adiabatic  gradient  should  be  assumed.  Steps  should 
be  taken  to  determine  the  temperature  gradient  in  any  particular  case.  The  desirability  of  this 
has  been  brought  out  by  tiie  present  investigation,  but  the  observations  made  heretofore  are  devoid 
of  any  data  concerning  temperature  gradient.  Various  methods  are  suggested  in  the  later  chapters 
for  the  practical  determination  of  the  gradient.  One  method  depending  on  observations  to  points 
of  known  height  is  given  in  Chapter  III  and  gives  a  means  of  determining  the  height  of  certain 
snow-peaks  which  have  been  observed  to  many  times.  It  is  not  claimed  that  this  method  is  as 
good  as  the  direct  determination  of  temperature  gradient:  it  was  adopted  because  no  such 
determination  was  available,  in  order  to  proceed  with  the  application  of  the  formula  to  great 
heights.  In  this  chapter  an  estimation  of  the  plumb-line  deflection  at  Nag  Tiba  is  made,  based 
on  vertical  angle  observations,  giving  a  meridional  deflection  of  31" •  3.  Observations  made 
subsequently   to  the   printing  of  that  chapter  give  the   deflection  as  30'  ■  5  [see  appendix) . 

'  Chapter  IV  gives  an  interesting  empirical  relation  between  temperature  and  refraction  on 
a  given  day.  Observations  elsewhere  are  needed  to  show  that  this  relation  is  in  any  sense 
universal.  The  very  close  agreement  however  seems  to  indicate  thattheremust  be  some  physical 
reality  in  it.  A  method  of  computation  of  temperature  gradients  by  means  of  barometric  observa- 
tions at  two  heights  follows,  and  application  is  made  to  the  computation  of  refraction.  The  degree 
of  reliance  to  lie  placed  in  the  results  cannot  be  stated  owing  to  the  uncertainty  at  present 
existing  in  the  difference  in  height  of  the  geoid  and  spheroid  at  the  two  stations  under 
consideration.  There  Is  distinct  evidence  however  that  the  angles  of  refraction  at  the  two  ends 
of  the  ray  are  unequal  to  an  extent  not  previously  expected.  The  ray  in  question  has  the  rather 
unusually  large  elevation  for  terrestrial  observations  of  more  than  five  degrees.  The  result  is 
also  arrived  at  that  barometric  heights  deduced  from  the  ordinary  Laplace  formula  are  most 
precise  when  the  observations  are  made  at  midday,  which  is  in  accordance  with  refraction  theory. 
Chapter  V  discusses  a  method  of  finding  the  terrestrial  refraction  at  night  by  certain  relations 
with  celestial  refraction  therein  developed.  In  this  case  no  observations  are  available  by  means  of 
which  the  corresponding  method  can  be  tested.  Application  is  made  to  Bessel's  refractions,  with  the 
result  that  the  height  of  the  atmosphere  so  far  as  it  has  any  appreciable  effect  on  refraction  is 
estimated  to  be  35-7  miles  and  the  corresponding  coefficient  of  nocturnal  refraction  is  found  to 
be  'OGi.  The  accuracy  with  which  Bessel's  formula  for  refraction  represents  celestial  refraction 
at  all  hours   and  in  all    countries  cannot  be  estimated  by  the  author. 

The  following  remarks,  relative  to  Bessel's  tables,  are  made  in  Chauvenet's  Astronomy,  p.  132:  — 
"These  tables  extend  only  to  85°  of  zenith  distance  beyond  which  no  refraction  table  can  be 
"relied  upon.  There  occur  at  times  anomalous  deviations  of  the  refraction  from  the  tabular 
"value  at  all  zenith  distances ;  and  these  are  most  sensible  at  great  zenith  distances. 
"Fortunately,  almost  all  valuable  astronomical  observations  can  be  made  at  zenith  distances  less 
"than  85",  and  indeed  less  than  80°;  and  within  this  last  limit  we  are  justified  by  experience  in 
"placing  the  greatest  reliance  in  Bessel's  table.  In  an  extreme  case  where  an  observation  is 
"made  within  5°  of  the  horizon  we  can  compute  an  approximate  value  of  the  refraction  by  the  aid 
"of  the  following*  supplementary  table,  which  is  based  upon  actual  observations  made  by 
"Argelander". 


*  Not  given  here. 
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Beasel  gives*  the  following  probable  errors  of  refraction  computed  from  his  tables  :- 

TABLE  LIV. 


1> 

P.E. 

± 

f 

P.E. 
± 

c 

45 

0-27 

85 

0 

1-71 

60 

0-34 

30 

2"  00 

65 

0-37 

86 

0 

2-40 

70 

0-46 

30 

2-63 

75 

0-66 

87 

0 

3-87 

80 

0-93 

30 

5-30 

81 

1"00 

88 

0 

7-74 

82 

1  •  11 

30 

io-5« 

83 

1-25 

89 

0 

16-84 

84 

i-43 

30 

20'0I 

DifEerences  of  this  kind  would  modify  the  solution  of  Chapter  V  by  a  considerablfe  amount. 

6.  The  formulae  and  methods  developed  in  this  paper  have  explained  satisfactorily  the 
refraction  observed  to  occur  on  the  rays  between  the  stations  Nojli,  Mussooree  and  Nag  Tiba. 
It  would  be  interesting  however  if  such  observations  M'ere  repeated  along  with  accurate  pressure 
and  temperature  readings  at  each  end  of  the  ray^  and  if  possible  at  some  third  station.  Such 
observations  would  enable  the  temperature  law  to  be  well  established,  and  the  refraction  could 
then  be  directly  computed.  If  kite  observations  of  temperature  and  pressure  were  also  made 
simultaneously,  these  would  be  of  great  use. 

Observations  at  night  to  lamps  and  stars  might  also  be  made  and  the  refraction  also 
computed  from  the  star  observations  in  the  manner  indicated  in  Chapter  V.  la  this  way  we 
should   find    the    relative    precision    of   the   alternative  method. 

Such  observations  should  he  continued  throughout  the  year,  as  far  as  practicable.  We 
have  distinct  evidence  of  a  seasonal  change  in  minimum  refraction  and  some  regular  change 
might  perhaps  be  brought  to  lij;ht.  The  diurnal  cliange  appears  greater  in  winter  than  in  spring. 
Its  variation  might  be  investigated  and  the  empirical  relation  found  to  exist  in  Chapter  IV  with 
temperature  miglit  be  checked. 

The  rays  which  go  to  greater  heights  than  Nag  Tiba  (10,000  feet)  are  burdened  with  un- 
certainty due  to  the  fact  tliat  no  fixed  recognisable  marks  have  been  intersected.  The  snow-peaks 
vary  in  height  on  account  of  snow  falls  etc:  and  change  of  illumination  may  affect  the  value 
of  the  vertical  angles  observed.     It  is  desirable  that  signals  should  be  set  up  on  cue  or  more  of 
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the  snow  mountains  with  which  we  have  been  concerned,  at  various  heights ;  and  some  of  these 
should  be  placed  as  high  as  possible.  If  signals  were  put  up  at  heights  10000,  14000,  18000  feet 
observations  to  these  would  give  valuable  information  concerning  the  variation  in  height  due  to 
snow-fall  and  the  secular  change  in  height  of  the  mountains  as  a  whole.  One  of  the  objects  of 
Mr.  Shaw's  observations  was  to  deteruiine  whether  the  Himalayas  are  gradually  rising. 

7.  Very  many  anomalies  have  been,  and  are  often,  found  to  occur  in  the  case  of  rays  which 
pass  close  along  the  ground  or  water.  The  formulse  of  Chapter  I  may  account  for  many  of  these, 
if  the  temperature-height  law  is  determined.  In  this  case  we  might  find  the  law  by  actually 
observing  temperatures  at  several  heights  above  the  ground  level.  Table  XII A  of  Chapter  II 
shows  that  the  first  fifty  feet  above  ground  level  have  a  considerable  disturbing  effect  on  the 
refraction,  and  probably  the  irregularities  due  to  the  higher  portion  of  the  atmosphere  are  not  very 
great.  The  Nojli-Mussooree  ray,  however,  is  not  close  to  the  ground,  except  at  its  start:  and  we 
have  sometimes  to  deal  with  rays  wliich  never  get  far  above  the  ground.  I  have  recently  made  a 
light  mast  150  feet  high,  which  can  easily  be  erected  or  taken  down,  with  the  object  of  attaching 
to  it  some  apparatus  for  the  measurement  of  temperature  at  several  heights,  and  so  being  able  to 
compute  the  refraction.  A  suitable  apparatus  has  just  been  designed  by  Mr.  R.  W.  Paul  in 
collaboration  with  the  National  Physical  Laboratory  through  the  courtesy  of  Dr.  R.  T.  Glazebrook, 
C.B.,  F.R.S.  The  masts  have  the  advantage  of  affording  excellent  signals  for  intersecting  and 
also  in  increasing  the  height  of  the  ray  above  the  ground  and  so  partially  avoiding  the  highly 
disturbed  air  close  to  the  ground.  A  description  of  the  mast  and  the  means  of  erecting  it  will 
shortly  be  issued  in  another  paper  of  this  series. 

In  the  case  of  a  ray  passing  over  country  of  a  uniform  character  (as  regards  radiating 
power)  it  is  anticipated  that  the  formula  will  be  satisfactory.  Over  country  of  a  less  uniform 
character,  equally  good  results  cannot  be  expected:  but  the  degree  of  precision  in  either  case  can 
only  be  found  by  trial.  General  Walker  made  numerous  observations  for  refraction  between  some 
stations  in  the  Punjab,  which  are  described  in  Appendix  3  of  Professional  Volume  II  of  the 
Survey  of  India.  Refractions  of  very  widely  varying  amounts  were  found,  the  highest  deduced 
coefiicieut  of  refraction  being  +1-21  occurring  between  6  and  8  a.m.  and  the  lowest  —  0*09  between 
I '30  and  3  p.m.  The  phenomenon  of  a  coefficient  of  refraction  being  greater  than  one-half  causes 
the  surface  of  the  earth  to  appear  concave  instead  of  convex  and  General  Walker  describes  other 
curious  effects.  These  abnormal  results  may  perhaps  be  largely  capable  of  explanation  by  the 
formula  of  Chapter  I :  at  least  it  is  of  interest  for  similar  observations  to  be  made  in  the  light  of 
these  formulae. 

8.  The  same  method  might  have  useful  application  in  the  case  of  observations  for  precise 
levelling  across  the  wide  Indian  rivers,  provided  the  rays  are  kept  at  a  sufficient  height  above  the 
water.  A  crossing  has  recently  been  made  at  Goalundo  over  the  Ganges  by  Captain  V.  R. 
Cotter,  I. A.,  of  which  some  particulars  are  now  given. 

Goalundo  is  a  few  miles  below  the  junction  of  the  Ganges  with  the  Brahmaputra,  and 
the  actual  observations  were  made  about  three  miles  below  this  junction.  Pillars  were  set  up  on 
both  banks  of  the  Ganges  in  each  case  some  ten  yards  from  the  bank,  the  distance  between  the 
pillars  being  r365  miles,  and  simultaneous  observations  of  vertical  angles  were  made  with  two 
twelve-inch  theodolites.  As  far  as  could  be  seen  the  conditions  at  both  ends  were  the  same, 
though  the  mean  of  observations,  reduced  in  the  usual  way,  actually  showed  the  pillar  on  one 
side  to  be  higher  by  2356  feet  than  that  on  the  other  side.  The  theodolites  in  each  case  were 
about  48  feet  higher  than  the  signals  so  that  the  reciprocal  rays  were  not  absolutely  identical : 
they  passed  at  a  mean  height  of  some  ten  feet  above  the  water. 
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If  we  assume  the  mean  of  all  the  very  numerous  observations  to  give  the  correct  differ- 
ence of  level,  namely  2-3560  feet,  we  can  deduce  the  appropriate  dips  of  the  two  straight 
lines  joining  the  theodolites  and  signals,  obtaining  the  angles  1'  46"'26  and  3'  58"00,  the 
contained  arc  being  71  "01.  This  done  we  can  at  once  find  the  refraction  in  all  the  cases  ob- 
served.    The  stations  are  denoted  by  A,  B.     The  details  are  given  below : — 

TABLE    LV. 


Date 

Tit 

Refraction  at 

Date 

Ti 

BefractioD  at 

ne 

A 

B 

Illuo 

A 

B 

1913 

h 

m 

// 

II 

1913 

h 

m 

// 

II 

Feb.  3 

1 

6 

13-73 

^3-55 

Feb.  6 

1 

9 

13-34 

12-84 

1 

28 

7-42 

10-64 

1 

21 

17-53 

14-84 

1 

59 

11-58 

11-21 

1 

34 

12-  10 

11-82 

2 

44 

19-17 

14-76 

Feb.  4 

10 

10 

11 

12 

1 

1 

2 

14 
40 
9 
48 
11 
57 
18 

6-13 
10-26 
13-88 
16-01 

14-54 
19-19 

8-i8 
11-14 

13-37 
14-58 
11-14 
11-64 
13-26 

Feb.  7 

10 
10 
10 
10 

11 
11 
11 

8 
22 
38 
53 
23 
35 
48 

1 

13-12 

14-37 
16-85 
18-18 

10-95 
11-00 
ii-io 

10-55 

9-70 
13-70 
13-67 

•4-45 
13-80 

9-83 

11-85 

9-71 

Feb.  5 

11 
12 
12 

39 

2 

22 

11-38 

13-75 

25-29 

15-53 
14-00 

21-99 

11 
24 

16-88 
14-47 

15-51 

10-76 

12 

43 

29-72 

27-07 

Feb.  8 

10 

5 

7*43 

8-54 

1 

35 

17-60 

20-31 

10 
10 

19 
31 

5-5^ 
7-66 

8-64 
12-05 

Feb.  6 

10 

13 

7-07 

8-94 

10 

44 

10-48 

15-12 

10 

33 

7-83 

io-8o 

11 

21 

7-67 

9-70 

10 

47 

13-19 

12-33 

11 

32 

8-80 

IO-66 

11 

10 

16-34 

21  -14 

11 

46 

12-51 

13-43 

11 

25 

15-46 

21  -62 

11 

57 

7-94 

10-25 

11 

43 

15-53 

16-94 

12 

32 

6-59 

6-16 

12 

30 

11-37 

12-32 

12 

44 

8-19 

5-64 

12 

44 

I2-OI 

11-94 

12 

54 

9-89 

8-16 

1 

1 

14-02 

13-24 

1 

2 

15-97 

6-53 

A  fact  immediately  noticeable  is  that  the  refraction  reached  its  largest  value  generally  (in 
nine  cases  out  of  twelve)  after  noon  when  minimum  refraction  usually  occurs.  Moreover  the 
variation  in  refraction  was  not  the  same  at  A  and  B  although  special  pains  were  taken  to  secure 
simultaneous  observations.  Further,  the  range  in  the  refraction  was  greater  at  A  than  at  the 
higher  station  JB.  This  was  to  be  expected.  If  we  classify  the  results  according  to  time  and 
take  means  we  find  the  following  figures. 


107 


TABLE    LVI. 


Between  hours 

No.  of 
Observations 

Refraction  at 

CoefEcient  of  refraction  at 

A 

B 

A 

B 

10  and  11 

13 

// 
10-63 

// 

11-33 

0-150 

o-i6o 

11     „    12 

12 

11-88 

14-01 

■  167 

•197 

12     „      1 

9 

14-76 

'3-54 

-208 

•191 

1     „     3 

16 

14-67 

12-6] 

•206 

•178 

Variation 

4-13 

2-68 

-058 

•037 

This  table  shows  how  at  A  the  refraction  reached  a  maximum  between  hours  12  and  1 .  It  also 
shows  that  the  variation  in  refraction  was  smaller  at  B  than  at  A.  The  conclusion  to  be  derived 
from  this,  as  might  be  foreseen  from  thermal  considerations,  is  that  it  is  advantageous  to  raise  the 
height  of  the  instruments  and  signals,  so  as  to  reach  higher  and  less  disturbed  layers  of  air. 
The  temperature  of  the  air  is  naturally  disturbed  near  to  the  water.  Table  LVI  shows  a  decrease 
of  variation  in  coefficient  of  refraction  from  -058  to  -037  due  to  a  rise  of  2-4  feet  only.  It  is  to 
be  presumed  that  much  greater  steadiness  in  refraction  would  have  been  obtained  at  a  mean 
height  of  20  feet  instead  of  10  feet  above  the  water. 

The  figures  given  in  table  LV  may  be  explained  in  more  ways  than  one,  though  the  true 
explanation  may  be  due  to  a  conabination  of  the  causes  suggested.  When  the  observations 
were  in  progress  it  was  thought  that  the  reciprocal  rays  were  symmetrical  with  regard  to  the 
river,  and  that  the  refraction  at  the  two  ends  would  be  the  same.  That  this  was  not  strictly  the 
case  is  shown  by  the  figures  of  table  LV.  At  the  end  of  Chapter  I  it  is  shown  how  largely 
temperature  gradient  affects  refraction.  In  the  present  case  we  have  the  confluence  of  two  rivers. 
The  temperatures  of  the  water  of  each  cannot  be  expected  to  agree  absolutely.  Nor  can  it  be 
expected  that  these  waters  will  mix  properly  within  a  distance  only  about  twice  the  width  of  the 
united  river.  Accordingly  it  is  highly  probable  that  one  side  of  the  river  is  distinctly  cooler 
than  the  other,  and  this  will  affect  the  temperature  of  the  lower  layers  of  the  air  differently  on 
the  two  sides.  It  is  not,  however,  necessary  to  assume  that  this  actually  occurred,  although  it 
appears  highly  probable  that  it  did.  The  discrepancy  may  be  due  to  difference  in  height  of 
the  two  stations.  The  signal  at  B  was  3713  feet  below  the  horizontal  plane  through  instru- 
ment at  A :  and  the  signal  at  A  was  8  316  feet  below  the  horizontal  plane  through  the  instrument 
at  B.  If  we  assume  the  barometric  pressure  to  have  been  29"-5  and  the  absolute  temperature 
T  =  521°  we  find  from  (63)  that 

«,  =  4-  5"- 15 
^6,3  =  +  0''-962  X  10-* 
_B0,3  =  +  2" -154  X  10-* 

where  the  prefixes  A  and  B  indicate  the  station  to  which  co^  refers. 
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As  an  example,  let  us  consider  the  case,  between  hours  1  and  3,  given  in  table  LVI.    In  the 
notation  of  Chapter  II  §  20,  we  have  at  once 

M  wi     +     V  jL(02  =   14-67  —  5-15   =   9-52    ")  ,,„  > 

m'wi      +      r'  30)3  =    12-61   -5-15    =    7-46     J ^'^°^' 

The  theodolite  at  B  was  2  -  36  feet  higher  above  sea-level  than  that  at  A. 

Solving  these  equations,   making  use  of   (81)   and  (83)   and  assuming  as  is  subsequently 
justified  that  u  can  be  neglected  in  comparison  with  b,  we  find  the  following  values: — 

-  d  =  v  =  v'  =  3-22x10*    ) 

u   =  1-247  y (170) 

«'  =  0-102       ; 

Equation  (170)  indicates  a  very  rapid  variation  in  temperature  gradient  with  height:    and 
temperature  increasing  with  height  at  both  A  and  B ;  at  B  very  much  less  than  that  at  A. 

From  (170)  we  have  at  once  in  notation  of  Chapters  I,  II. 


whence 


Also 


and 


a 

=         0-542  -  1-327M 

=  -  1-113 

dr 
dh 

=  1-  -01113 

d^r 
dh^ 

=    2.10"'i 

=    -  6-44x10  * 


-  A    —     -4-    -    ^ 

~  dA'^    2  dA^ 


=        -0263  -    -0179 
=        -0084 
if  we  put  A  =  2  -  36 ;  t',  T  being  the  temperatures  at  B  and  A  respectively.  - 

This  indicates  how  extremely  small  are  the  temperature  differences  necessary  to  account 
for  the  refractions,  amounting  in  this  case  to  less  than  O'^-Ol  between  the  stations  A  and  B. 
It  is  of  course  the  temperature  gradients  which  are  important. 

These  results  are  of  type  which  may  well  be  expected  to  hold  in  the  case  of  the  layers  of 
the  atmosphere  close  to  the  ground.  As  is  shown  the  temperature  gradient  is  rapidly  changing 
between  A  and  B  and  no  doubt  it  approximates  to  a  normal  value  at  a  somewhat  greater  height. 

It  is  at  the  same  time  recognised  that  perfect  thermal  symmetry  cannot  be  expected  in 
the  case  under  discussion,  so  that  the  figures  found  above  are  only  regarded  as  indicating  the 
nature  of  the  causes  of  the  observed  refractions,  which  at  first  sight  appeared  extraordinary. 
The  remedy  in  such  a  case  lies  not  in  attempting  to  measure  the  temperature  gradient  and  its 
variation,  but  in  building  higher  pillars  and  so  observing  through  less  disturbed  layers  of  air. 
For  this  purpose  perhaps  a  height  of  20  feet  might  prove  sufficient.  A  few  observations  made  at 
several  heights  in  such  a  case  would  decide  how  high  it  is  desirable  to  go. 
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No  doubt  the  observations  would  have  shown  smaller  irregularities  had  the  rays  been  at  a 
greater  height  above  the  water  than  they  were.  In  fact  it  is  certainly  a  safe  rule  to  always 
arrange  for  the  ray  to  be  as  high  as  possible  above  the  earth's  (or  water's)  surface,  when  vertical 
angles  are  being  observed. 

9.  Lieut.  F.  J.  M.  King,  R.E.,  obtained  some  curious  irregularities  when  observing  vertical 
angles  in  Burma  in  1911. 

The  work  being  carried  on  was  principal  triangulation  (Great  Salween  Series).  The 
early  observations  agreed  with  observations  of  the  previous  year  in  the  case  of  those  stations 
which  had  been  previously  observed  to.  Between  the  13th  and  18th  of  December  there  was  a  large 
change  in  the  vertical  angles  which  subsequently  showed  a  tendency  to  return  to  the  early 
values.     The  early  values,  however,  were  not  reached.     The  figures  are  now  given. 

TABLE    LVII. 

Observations  taken  at  Loi  Ltrng  Hill  Station,  height  7631 '3  feet. 


Zenith  distance  and  temperature 

^^^^^           Observed 
^^^^^    Station 
Date               ^^--^^^ 

Loi  Paning 

Loi  Chang 

Loi  Pemong 

Loi  Wan  Wa 

nth  Dec.  1911 

... 

90°  33'  97" 

54° -o 

12th     „       „ 

... 

90°  32'  104" 

57°-o 

90°  25'  1  22" 

57°-o 

... 

13th     „       „ 

91°  0'  49" 
53°-4 

90°  25'  117" 
56° -3 

90°  33'  96" 

5i°-o 

18th     „       „ 

90°  32'  19" 
55°-o 

... 

90°  33'  22' 
58° -4 

19th     „       „ 

9r°o'  J 8" 
70° -o 

90°  32'  25" 
78°-o 

90°  25'  51" 
58° -0 

90°  33'  41" 
65° -0 

20th     „       „            „. 

91°  0'  34" 
70° -o 

90°  32'  44" 
75° -o 

90°  25'  72" 
68°-o 

90°  33'  76" 

79° -o 

Height  of  station     ... 

5709-7 

6525-6 

6924-0 

6522-6 

Distance  in  miles 
from  Loi  Lung     . . . 

24-506 

50-885 

38-124 

33-137 
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The  barometric  height  (mean  of  two  aneroids)  varied  between  22*39  and  22  "61  inches. 
The  observations  were  all  made  between  1  and  3  p.  m. 

It  is  clear  that  the  changes  in  refraction  are  far  larger  than  can  be  accounted  for  by  the 
temperature  and  pressure  changes  observed  at  Loi  Lung.  On  the  other  hand  there  appears  to 
have  been  a  sudden  change  of  temperature  after  the  18th  of  December,  which  indicates  a  distur- 
bance of  the  atmospheric  conditions. 

It  is  not  possible  now  to  account  for  these  irregularities  quantitatively,  but  perhaps  suitable 
temperature  gradient  measurements  might  enable  future  observations  of  a  similar  character  to  be 
explained.  In  such  a  case  simultaneous  temperature  measurements  at  several  heights  down  the 
mountain  side  might  give  the  temperature  law,  if  suitable  precautions  against  radiation  etc., 
were  taken. 

10.  Several  writers  have  pointed  out  a  difference  between  the  refraction  over  water  and  over 
land.  Colonel  Clarke  {see  p.  550  Ordnance  Survey,  Account  of  Principal  Triangulation,  1858) 
obtained  mean  values  of  -0809  and  -0750  respectively  for  these  two  cases.  Sir  Henry  James, 
in  the  introduction  to  the  same  volume,  said  : — 

"The  great  amount  of  refraction  in  the  morning,  its  diminution  towards  the  middle  of  the 
"day  and  increase  again  towards  evening  is  obviously  caused  by  the  greater  amount  of  aqueous 
"vapour  in  the  lower  portion  of  the  atmosphere  in  the  morning  and  evening  as  compared  with 
"the  amount  in  the  middle  of  the  day".  Both  these  features  may  be  accounted  for  by  the 
temperature  gradient,  which  is  intimately  related  to  the  humidity  gradient,  as  can  be  seen  by 
glancing  at  any  charts  showing  these  two  quantities  plotted  against  height. 

11.  It  was  supposed  early  in  the  1 9th  century  that  the  refraction  at  sea  had  an  intimate 
connection  with  the  difference  of  temperatures  of  the  air  and  water.  Lieut.  Raper  {see  p.  61, 
Practice  of  Navigation,  tenth  edition,  1870))  stated: — 

"  When  the  sea  is  warmer  than  the  air  the  horizon  appears  below  its  mean  place,  or  that  at 
"  which  it  appears  when  the  air  and  water  are  at  the  same  temperature,  or  the  apparent  dip  is 
"  too  small ;  when  the  sea  is  colder  than  the  air  the  horizon  appears  above  its  mean  place  or  the 
" apparent  dip  is  too  great". 

If  we  consider  the  air  in  contact  with  the  water  as  having  the  same  temperature  as  the 
water,  and  that  "  the  temperature  of  air  ■"  refers  to  air  at  the  height  of  the  sextant,  this 
statement  can  be  put  in  terms  of  temperature  gradient :  and  is  supported  qualitatively  by  the 
formulae  at  the  beginning  of  this  chapter.  In  this  connection  see  Chauvenefs  Astronomy,  p.  175 
where  the  following  statement  occurs :  "We  may  however  assume  the  temperature  of  the 
water  to  be  that  of  the  lowest  stratum  of  the  air  ...  .  while  t  denotes  the  temperature  of  the 
air  at  the  height  of  the  eye". 

Lieut.  Raper  goes  on  to  say  in  a  footnote  "Admiral  W.  F.  W.  Owen  informs  me  that  he 
"found  on  one  occasion,  in  observing  a  star's  altitude  a  change  of  4'  in  the  place  of  the  sea 
"  horizon,  in  the  tropics  soon  after  sunset.  Mr.  Fisher  observed  a  variation  in  the  place  of  the 
" horizon  of  18' in  the  arctic  region.  In  summer  the  ice  horizon  was  elevated*  not  depressed: 
"  in  the  winter  it  was  depressed  several  minutes. — Appendicr  to  Captain  Parry's  Voyage  in  1821-23 

*  This  is  equivalent  to  General  Walker's  statement  that  the  earth  appeared  concave  when  the  coefficient  of  refraction 
is  greater  than  one-half.  I  think  the  term  horizon  in  this  case  has  no  strict  meaning.  With  the  ray  of  light  of  greater 
curvature  than  that  of  the  earth  it  would  be  possible  to  see  ail  round  the  earth  where  there  were  no  obstacles  above  sea-level, 
were  it  not  for  absorption  of  light.     This  limitation  would  not  give  a  sharp  horizon. 
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"p.  187.  These  observations,  however,  do  not  all  follow  the  rule  above.  A  table  for  correcting 
"  the  place  of  the  sea  horizon  for  the  difference  of  temperature  of  the  sea  and  the  air  according 
"  to  the  height  of  the  eye,  would  be  useful :  but  there  are  scarcely  any  data  for  the  construction 
"  of  such  a  table,  and  the  theory  itself  appears  not  to   be  complete  ". 

Captain  W.  R.  Martin,    R.N.   in  his  article  on   Navigation  in  Encyclopaedia  Britannica 
tenth  edition.  Vol.  XXXI,  page  110  d  writes  as  follows  : — 

"  The  effect  of  refraction  in  displacing  the  apparent  sea  horizon  was  partially  investigated 
"by  the  French  about  a  century  ago,  and  the   conclusion   arrived  at  was  that  it  mainly  depended 
"on  the  difference  of  the  surface  temperature  of  the  sea  and  that  of  the  stratum  of  air  resting  on 
"it :  when  the  sea  surface  was  warmer  the  horizon  was  apparently  depressed  and  observed  altitudes 
"were   too  great,    and  vice  versd,  differences  of  3'  to  4'  being   found   where  these   temperatures 
"differed  9°  F.     The  subject  has  now  been  thoroughly  reinvestigated,  and  the  original  conclusion 
"confirmed.     .....     The    interesting    experiments   referred  to  were  carried  out  in    1899 

"by  the  Austrian  Navy  in  the  Red  Sea  and  at  Pola,  the  requisite  observations  being  made 
"throughout  the  day  with  an  alt-azimuth  instrument  from  shore  stations  at  elevations  of 
"21,  33,  52  and  138  feet  respectively,  the  sea  surface  and  air  temperatures  being  simultaneously 
"recorded  from  a  steam  boat  standing  off  shore.  From  the  experience  of  over  1,000  observations 
"it  was  found  that  at  an  elevation  of  33  feet,  with  a  difference  of  6°F.  in  sea  and  air 
"temperatures,  a  displacement  of  1^'  was  observed  which  increased  to  2|'  when  the  difference 
"of  12°  F.  occurred  in  the  temperatures  Such  results  were  only  found  to  be  true  when  a  wind 
"of  force  at  least  2  or  3  was  blowing  :  with  winds  of  less  force  the  warm  air  can  apparently 
"remain  at  a  higher  level  without  mixing  with  the  lower  cooler  air,  and  abnormal  results  follow 
"amounting  in  one  case  to  a  displacement  of  9J'.  When  navigating  the  Red  Sea  or  localities 
"such  as  near  the  edge  of  the  Gulf  Stream,  where  very  great  differences  of  sea  and  air 
"temperatures  prevail,  due  consideration  must  be  made  for  this  source  of  error,  and  the 
"practical  navigator  can  also  see  how  greatly  this  may  affect  his  estimation  with  regard  to 
"currents". 

The  statement  that  these  results  are  only  true  when  a  wind  of  force  2  or  3  is  blowing  seems 
to  rob  the  result  of  much  generality ;  it  appears,  however,  from  the  expression  "temperature  .  .  . 
of  the  stratum  of  air  resting  on  it"  that  perhaps  the  variation  of  air  temperature  with  height  was 
not  recognised.  In  my  opinion  the  temperatures  which  affect  the  problem  are  the  temperature 
at  the  height  of  the  eye  and  that  at  the  level  of  the  crests  of  the  waves  :  and  the  difference  of 
height  of  the  eye  and  wave  crests  is  the  other  quantity  concerned.  Measured  in  this  way 
the  differences  of  temperature  which  occur  in  Captain  Martin's  statement  would  probably 
be  reduced,  and  possibly  the  dips  would  then  accord  with  those  given  in  table  LIII.  Some 
observations  on  the  Indian  coast  might  serve  to  make  this  clear. 

12.  In  triangulating  in  big  mountain  ranges  such  as  the  Himalayas,  it  is  very  desirable 
that  observations  for  latitude  and  azimuth  be  made  at  all,  or  most  of,  the  stations.  These  obser- 
vations are  required  to  enable  the  plumb-line  deflections  to  be  found  and  need  not  be  precise  to 
more  than  1  or  2  seconds.  Without  this  information  it  is  not  possible  to  deal  properly  with  the 
vertical  angles  observed.  It  is  possible  that  those  deflections  may  be  deduced  from  the  vertical 
angles  themselves  provided  the  necessary  temperature  gradient  measurements  are  made,  by  means 
of  which  the  refraction  can  be  computed :  but  in  the  first  instance,  until  the  success  of  this  method 
has  been  established,  it  is  desirable  that  botli  observations  be  performed. 
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APPENDIX, 


I 


Some  recent  Latitude  determinations. 


In  Chapter  II  §§  10,  11  it  was  pointed  out  that  a  discrepancy  o£  1  -9  feet  occurs  in  the 
height  of  Mussooree  above  Delira  as  determined  by  vertical  angles  and  by  spirit-levelling,  the 
difference  in  height  of  the  geoid  and  spheroid  being  allowed  for  as  well  as  deflection  of  plumb-line 
data  allowed.  This  discrepancy  was  then  wholly  attributed  to  failure  to  compute  the  height  of 
the  geoid  above  the  spheroid,  and  as  a  result,  larger  deflections  of  the  plumb-line  between  Dehra, 
Rajpur  and  Mussooree  than  were  deducible  by  simple  interpolation  were  expected  to  occur.  In 
Chapter  IV,  §  14  it  was  suggested,  in  view  of  the  simultaneous  temperature  and  pressure  readings 
taken  at  Dehra  and  Mussooree  in  1911,  that  possibly  only  a  portion  of  the  discrepancy  is  to  be 
explained  in  this  way,  the  residue  being  attributable  to  the  refraction  in  the  vertical  angles 
being  insufficiently  allowed  for.  That  this  should  have  occurred  was  inevitable,  as  no  simulta- 
neous pressure  and  temperature  readings  at  both  ends  of  the  ray,  at  the  time  the  vertical  angles 
were  observed,  were  available.  The  oiifjinal  view,  that  the  discrepancy  is  due  to  the  rise  of  the 
geoid  being  insufficiently  allowed  for,  may  require  modification  to  the  extent  that  perhaps  only 
part  of  the  discrepancy  is  due  to  this  cause. 

To  test  this  theory,  latitude  has  since  been  observed  at  a  number  of  stations  between  Dehra 
and  Mussooree.  It  is  worthy  of  note  that  this  has  resulted  in  two  stations  being  found  at  which 
the  deflection  in  latitude  is  greater  than  has  ever  been  observed  before  elsewhere. 

The  results  are  given  in  tabular  form  :  stations  III  to  VI  are  between  Dehra  and  Rajpur: 
stations  VIII  and  IX  between  Rajpur  and  Mussooree.  The  observations  were  made  by  Lieuts. 
Almond  and  McKay,  R.E.,  of  the  Survey  of  India. 


station  Number 

Longitude 

Latitude 

Deflection 

in 
Latitude 

III 

o 
78 

4      7-'39 

0 
30 

31 

46-61 

// 
41-04 

IV 

78 

4    30-87 

30 

22 

8-93 

43-15 

V 

78 

5     21-38 

30 

22 

51-83 

44-37 

VI 

78 

6       3 -co 

30 

23 

30-79 

45-89 

VIII 

78 

5    35-94 

30 

24 

37-72 

53-17 

IX 

78 

5     2  1-53 

30 

25 

10-05 

52-50 

Nag  Tiba 

Lat.  Station 

78 

9      9-90 

30 

3,5 

11-57 

30-52 
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The  deflections  at  III  and  VI  are  very  closely  the  same  as  are  obtainable  by  linear  inter- 
polation between  the  old  observed  values  at  Dehra  and  Rajpur.  Those  at  VIII  and  IX  far  exceed 
the  values  found  by  interpolation  between  the  Rajpur  and  Mussooree  deflection  (wc  table  V). 
They  go  some  way  to  explain  the  discrepancy  of  1  "9  feet  referred  to  above.  Further  data  as 
regards  the  deflection  of  plumb-line  in  longitude,  however,  are  still  required  before  the  rise  of 
the  geoid  above  the  spheroid  can  be  evaluated  with  sufficient  precision.  At  present  we 
have  the  deflection  in  longitude  only  at  Dehra  and  Mussooree,  and  the  deflections  at  intermediate 
points  can  only  be  arrived  at  by  guessing.  It  is  hoped  that  before  long  azimuth  observations  may 
be  made  at  the  two  or, three  intermediate  points  between  Dehra  and  Mussooree. 

Even  yet  it  is  likely  that  the  point  of  maximum  deflection  in  latitude  between  Rajpur  and 
Mussooree  has  not  been  found,  since  stations  VIII  and  IX  show  practically  equal  deflections. 
They  may  of  course  be  on  the  ridge  of  maximum  deflection. 

The  observation  at  Nag  Tiba  well  upholds  the  value  of  the  deflection  derived  from  vertical 
angle  observations  in  §  24,  Chapter  II.  The  discrepancy  is  only  0"  •  8  and  it  was  pointed  out  that  an 
error  of  1"  in  any  of  the  vertical  angles  would  give  rise  to  an  error  of  l"' 8  in  the  deduced  deflection. 
The  case  was  not  a  straightforward  one;  so  tiiat  the  close  agreement  of  the  deduction  with-the 
result  subsequently  observed  must  be  regarded  as  evidence  that  the  refraction  on  the  rays 
concerned,  has  been  satisfactorily  computed. 


Chart    I    is  in  the  pocket  at  the  end  of  the  volume. 

CHART  II 


CHART    II. 
Duirnal  Change  of  Refraction. 


Qrapliical  representation  of  table  XL.  Ordinates  represent  observed  angles  of  elevation  of  Mussooree 
from  Nojii.  The  axes  from  which  these  arc  measured  differ  for  the  several  seasons  and  years ;  but  the  height 
corresponding  to  Ee  —  1''  8'  =  100"  is  indicated  in  each  case  by  a  short  horizontal  cross  line.  The  points  are 
indicated  by  small  circles  and  are  joined  up  by  straight  lines  in  tlie  order  8,  10,  12  and  14  hours. 

Attention  is  drawn  to  the  approximate  straightness  of  the  lines  and  their  tendency  to  be  parallel  to 
each  other. 


CHART  III 


I 


CHAET    III. 
Duimal  Change  of  Refraction. 


Graphical  representation  of  table  XLI.  Ordlnates  represent  observed  angles  of  elevation  of 
Bandarpanch  frpm  Nojli.  The  axes  from  which  these  are  measured  differ  for  the  several  seasons  and  years :  but 
the  height  corresponding  to  E,  —  1°  44'  =  60"  is  indicated  in  each  case  by  a  short  horizontal  cross  line.  The 
points  are  indicated  by  small  circles  and  are  joined  up  by  straight  lines  in  the  order  8,  10,  12  and  14  bours. 


The  lines  are  nearly  straight  except  in  the  case  of  March  1906 :  and  are  approximately  parallel, 
slope  of  these  lines,  however,  is  less  than  that  of  the  corresponding  lines  in  Chart  II. 
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